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Abstract

Khalaf and Ahmed defined Sg—open sets in topological spaces and used it
to define and study the concept of Sg—continuous functions in 2013. So, in this
study we used Spg—open sets to define Sg—open maps and to study their
properties.
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1 Introduction

Open mappings play an important role in the study of modern mathematics, especially in
Topology and Functional analysis. Mathematicians have always defined new types of open maps.
In 1969 N. Biswas [1] defined and studied the notions of semi-open maps in terms of semi-open
sets. In 1983 A.S. Mashhour, I.A. Hasaneie and S.E. EL-Dee [2] covered and studied the notions
of «-open maps in terms of «-open sets. In 1998 G.B. Navalagi [3] discovered the notions of
Quasi o-open maps in terms of o-open sets, meanwhile J. Dontchev [4] collected the definitions of
several open maps which were defined in terms of pre-open sets. In 2011 S. Balasbranaemian [5]
found out the notions of vg-open maps in terms of vg-open sets. In 2013 A.B. Khalaf and N.K.
Ahmed [6] introduced a new class of semi-open sets called Sg-open sets, they then examined S;-
continuous functions. The findings from those works lead to this paper with the aims to define S;-
open maps and to study their properties. Preliminaries and some characterizations of Sg-open
maps are also introduced in this study.

2 Preliminaries

Thoughout this paper spaces (X,t) and (Y,o)(or simply X andY ) always denote
topological spaces on which no separation axioms are assumed unless explicitly stated. Let A be
a subset of X.The notation of the closure of A and the interior of A are given as cl(A) and
int(A) respectively.

Definition 2.1 Let (X,t) be a space and Ac X. Then A is said to be
(a) semi-open ([7]) if Accl(int(A))
(b) g-open ([8]) if Accl(int(cl(A)))and
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(c) a semi-open subset A is said to be Ss-open ([6]) if for each x € A there exists a B-
closed set F such that xe F — A (A set is called p-closed if its complement is -
open.)

The complement of a semi-open (resp., B-open, Ss-open) set is said to be semi-closed
(resp., B-closed, Ss-closed). The union of all semi-open (resp., 3-open, Sg-open) sets of X
contained in A is called the semi-interior (resp., - interior, S;- interior) of A denoted by sint(A)
(resp., Bint(A), Sgint(A)). The intersection of all semi-closed (resp., g-closed, Sg- closed) sets of
X containing a subset A is called the semi-closure (resp., B-closure, S;- closure) of A denoted by
scl(A) (resp.,Bcl(A), Sscl(A)). The family of all semi-open (resp., p-open, Sg-open, semi-closed,
p-closed, Sg- closed) subsets of a topological space X is denoted by SO(X) (resp., BO(X),
S0(X), SC(X), BC(X), SpC(X)).

Definition 2.2 ([6]) Let (X,t) be a space and N c X is called an Sg-neighborhood of a subset A
of X, if there exists an Sg-open set U such that AcU < N. When A={x} we say that N is an
S;s-neighborhood of X.

Proposition 2.1 ([6]) For any subset Aand B of a topological space X, the following statements
are true:
1. A is Sg-openif and only if A=Sgint(A).
2. ¢=Ssint(p)and X = Ssint(X).
3. Spint(A)c A
4. If Ac B then Sgint(A) < Spint(B).
5. Sgint(A)u Spint(B) < Spint(AU B).
6. Spint(AnB) < Spint(A) N Spint(B).
7. Spint(A\B) < Sgint(A)\ S int(B).

Proposition 2.2 ([6]) For any subsets F and E of a topological space X, the following
statements are true:
1. F is Sg-closed set if and only if F = Sscl(F).
2. ¢=Sscl(p)and X = Sgcl(X).
3. F < Sgcl(F).
4. If F cE then Sgcl(F) < Spcl(E).
5. Sgcl(F)w Sgcl(E) < Spcl(F W E).
6. Spcl(F mE) < Sgcl(F) m Sgcl(E).
7. Spel(X\F)=X\Sgint(F) and X \Sgcl(F)=Sgint(X \ F).

Definition 2.3 ([6]) A function f:(X,1) —(Y,0) is said to be an Ss-continuous at a point X in X,
if for each open set V of Y containing f(x) there exists an Sg-open set U in X containing X
such that f(U)cV. When fis Sg-continuous at every point Xof X we say that fis Sg-
continuous on X.

Theorem 2.1 ([6]) A function f :(X,1) > (Y,o) is Ss-continuous if and only if the inverse image of
every open setin Y is Sg-open in X.
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3 Characterizations

In [3] Quasi o-open mappings are introduced using o-open sets. Similary in this section Sg-
open mappings are defined in terms of Sg-open sets and their properties are studied.

Definition 3.1 A mapping f :(X,t) = (Y,0) is said to be Sg-open if f(U) is openin Y for each
Sg-open set U in X.

Example 3.2 Let X ={a,b,c,d}, ©={¢, X ,{a},{b}.{a,b}.{a,b,c}}be a topology on X,
Y ={p,q,r}, o={b,Y.{a},{r}{q,r}} beatopologyon Y and f:X Y
such that f(a)=r, f(b)=qgand f(c)=f(d)=r. Show that fis Ss-open.
Solution. For (X,1) we get that SgO(X) ={¢,{b}.{a,c,d}, X}and
f(p)=deo, T{b})={d}eo, f{ac,d})=Yeocand f(X)=Y eo.
Therefore, fis Ss-open.
Observe that Sg-openness and Sg-continuity are independent. By the above example 3.2
f is not Sg-continuous on X because f'({r}) ={c,d} & S;O(X) and in example 3.3 fis S;-
continuous but not Sg-open.

Example 3.3 (Ex.4.7 in[6]) Let X ={a,b,c,d},t={¢, X {a}.{b,c}.{a,b,c}}be a topology on X, then
Sg0(X) = {o.{a}.{b,c}.{a,d},{a,b,c},{b,c,d}, X}. The identity function is S-continuous which is
not Sg-open because f({a,d})={a,d}zt.

Theorem 3.1 A mapping f :(X,t) —(Y,0) is said to be Sg-open if and only if for every subset U
of X, f(Spint(U))cint(f)).

Proof. Let f be an Sg-open map. Now, we have Spint(U) cU and Sgint(U) is an Sg-open set.
Hence we obtain that f(Ssint(U)) < f(U). Since f be an Sg-open map, thatis f(U)eo

and thus f(Sgint(U)) cint(f (U)).

Conversely, assume that conditional holds. If U be an Sz-open set in X.

Then fU)=f(SpintU)) cint(f(U)), but int(fU)) < fU).

Consequently, f(U)=int(f(U) and hence f is Sg-open.

Theorem 3.2 If amapping f :(X,1) = (Y,0) is Sg-open then for every subsetG ofY,
Ssint(f (G)) < f (int(G)).
Proof. Let G be any arbitrary subset of Y.
Then Spint(f (G)) is an Sg-open setin X and f is Sg-open,
then f(Spint(f (G))) cint(f (f *(G))) < int(G).
So that Spint(f (G)) < f ™ (Ssint(f (G))) < f *(int(f (f *(G)))) = f (int(G)).
Thus Sgint(f *(G)) < f (int(G)).
The converse of Theorem 3.2 may not be true, as the example 4.4 in [6] is showed.

Theorem 3.3 Let f: X —Y be amapping. Then the following are equivalent.
(1) f is Sg-open.
(2) For each subset U of X, f(Ssint(U)) cint(fU)).
(3) Foreach x in X and each S;-neighborhood U of x in X there exists a neighborhood V
of f(x) in Ysuchthat V < f(U).

Proof. ()=(2): It follows from Theorem 3.1.
(2) = (3): Assume (2) holds.
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Let xe X and U be an arbitrary Sg-neighborhood of Xin X.

Then there exists an Sg-open set V in X such that xeV cU.
By (2), we have f(V)= f(Ssint(V))<int(f(V)) and hence f(V)=int(f(V)).
Therefore it follows that f (V) is openin Y such that f(x) e f (V) < f (U).
Thus (3) holds.
(3)=(1): Assume (3) holds. Let U be an arbitrary Sg-neighborhood in X.
Then for each ye f(U), by (3) there exists a neighborhood Vy of y in Y such that V, c f (U).
As Vy is a neighborhood of Y, there exists an open set Wy in Y such that y eW, cV,.
Thus, f(U)={W,|ye f(U)} isanopensetin Y. This implies that f is S;-open.

Theorem 3.4 A mapping f:X —Y is Sg-open if and only if for any subset B of Y and for any

Sg-closed set F of X containing f *(B), there exists a closed set A in Y containing B such

that f*(A)cF.

Proof. Suppose f is Sg-open. LetB cY and F be an Sy-closed setin X containing f (B).

Now, put A=Y — f(X —F). Itis clear that f *(B) = F implies B < A

Since f is Sg-open, we obtain that A is a closed set of Y, then we have f*(A)cF.
Conversely, let U be an Sg-open setin X and B=Y — f (U).

Then X —U is an S-closed set in X containing f *(B).

By hypothesis, there exists a closed set F of Y suchthat B F and f (F) < X —U.

Hence, we obtain f(U)cY —F.

On the other hand, it follows that B F,Y —F cY —-B= f (U).

Thus, we obtain f(U) =Y — F which is an open set and hence f is Sz-open map.

Corollary 3.5 Amapping f:X —Y is Sg-open if and only if f*(cl(B)) < Sscl(f *(B))
for every subset B of Y.

Proof. Subpose that f is Sg-open. For every subset B of Y, f(B)c Sscl(f(B)).
Therefore by above Theorem 3.4, there exists a closed set F in Y containing B such
that f*(F) < Spcl(f *(B)). Because cl(B) ccl(F)=F, we have that f*(cl(B)) < f *(F).
Therefore, we obtain f(cl(B)) < Sscl(f (B)).

Conversely, let BCY and F be an Sy-closed set of X containing f*(B).

We have that Sgcl(f *(B)) = Sgcl(F) =F.

Put W =cly (B), then we have B ccl (B) =W and W is closed in Y and by hypothesis,
f (W)= f*(cl(B)) < Sscl(f *(B)), sothat f*(W)cF.

Then by Theorem 3.4 the function f is Sg-open.

Remark 3.6 The findings in this paper are based for further studies on:
(1) the relations between Sg-open maps and other types of open maps.
(2) necessary and sufficient conditions for a composition to be Sg-open maps.
(3) the concept of Ss-closed maps and Sz-homeomorphisms in terms of Sg-open sets.
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