i a 371

s iy

/22 DWIRN 2560

Some properties of 3 —uniform hypergraphs of order n and size at least [gJ
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Abstract
The hypergraph H =(V,E) is said to be order n and size m, if V|=n and

‘E|=m, respectively and the hypergraph H is said to be k —uniform if every edge

eekE, e] =k. In this paper, someproperties of k - uniform hypergraphs of order n and

) n : )
size at least [—2—" are investigated.
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1. Preliminaries

A hypergraph H is a pair H =(X, E) where X is a finite nonempty set and E
is @ nonempty subset of power set of X. The elements of X are called vertices of H
and those of E edges of H. Here we investigate the domination problems in
hypergraphs which all edges have same cardinality called uniform hypergraphs.

A k—edge in hypergraph H is an edge of size k. The hypergraph H is said to

be k—uniform hypergraph if every edge of H is a k —edge. Properties of uniform
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hypergraphs has been studied in several papers (see, e.g. (Clemens, 2015, Eustis et al,,
2016, Frank et al., 2003, Han & Zhao, 2015 and Mycroft, 2016)).

We shall use the notation n,, = [VI and m, = IEI, and sometimes simply n

and m without subscript if actual H need not be emphasized, to denote the order and
size of H, respectively. The edge of set £ is often allowed to be'a multiset in the
literature, but in this research, we exclude multiple edges.

An isolated vertex in H is a vertex in H that does not contain in any other
edges in H. An isolated edge in H is an edge on H that does not intersect any other
edge in H. Also in the problems studied here, one may assume that fe' 2 2 holds for
all ee £ and H has no isolated vertex. ;

The degree of a vertex v in H, denoted by d,, (v) or d(v) if H is clear from
the context, is the number of edges of H which containv. A vertex of degree ¢ is
called a degree ¢~ vertex. The number of degree - vertices in H is denoted by
n,(H). The minimum degree among the vertices of H is denoted by S(H) and the
maximum degree by A(H).

2. Characterization of 3 —uniform hypergraphs

In this section, we give some useful properties of 3 -uniform hypereraph. Recall that,
3 - uniform hypergraph H = (¥, E) is a hypergraph which every edge of H is an 3— edge,
ie. |el=3 for all eeE. The following definition denote ; and Z are sets of real
numbers'and integers, respectively.

The floor and ceiling functions are map from a real number to the greatest
preceding or the least succeeding integer, respectively. More precisely, let xe;j and

m,neZ, floor (| x|) and ceiling ([x]) may be defined by the set equations,
| x|=max{me Z|m < x}

[x]=min{neZ|n>x}

Observation 2.1 Let H =(V,E) be a 3-uniform hypergraph of size m, then

Za’(v)= 3m.

veV

For a hypergraph H =(V,E) of size m, we have A(H)<m so, we let
V.={xeV|d(x)2i} for ie{l,2,3....m}.

Example 2.2 Let H =(V,E) be a hypereraph as follow:
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Figure 1: H=(V,E)

and from definitions of ¥, we have
. i) Vi={xeV|d(x) 21} ={v,v,,v,v,,v,,v} =V
ii) Vi={xeV|d(x)22}={v,,v,,v}
jii) Wi|=V|and |V|+]V,| =9 =3(3).

Form the above example, we get the following lemma.

Lemma 2.3 Let H =(V,E) be a hypergraph of order n, size m and S(H)=1. Then

S d()= 3] =n+ 30

el
Proof. Let V(H)={v,,v,.,K ,v,} such that d(v,) = k.d(v,)=k K ,d(v,)=k,. Form
J(H)=1 we have [V||=n and 1<k <m forall i since |[E(H)|=m..

Thus Y d(v)y=k +k, +K +k, . We will show that D=k +k,+K +k, .
i=l

i=]

. Assume that 1<k <k, <K <k, <m .

m

So 2

i=|

k, ks k,
=D W+ 2 W+K+ D Wl G(fk,<m,V =@ forall k<j<m)
i=1 i=k, ,+1

=kn+(k,—k)(n=1)+(k;—k,)(n—2)+K +(k, —k,)(n—(n-1))
=k +k,+K £k,

Therefore " d(v)=Y |V|=n +i|V,‘

vel i=

Lemma 2.4 Let H =(V,E) be a 3-uniform hypergraph of order n and size m.
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Then i|V,|2m—l.

i=2

Proof. Consider > d(v) = ill{[ = n+i|V,], we have
i=l i=2

veV
3m=n+i’l/,‘
. 2
m=—+12
3
Zz:ll/l’ m
——=L <MK
" 3 3 "T,?T ”
Form n >3, we conclude that i]l{[znz—l o

i=2

Theorem 2.5 Let H =(V,E) be a 3-uniform hypergraph of order n and size m.
Then

1. For n is odd, mZLg—J if and only if Zd(v)2n+m—1.

vel

2.For n-is even, ngvl if and only if Zd(v)2n+m—2.

vel”

Proof.

1.Let n=2¢+1 for some ¢ eZ, from assumption we have,

m> !\MJ

2
o
2
=4
This implies that m=>g Suppose that Zd(v)<n+m—l. Since Zd(v)=3m,
velV velV

3m<n+m—1=2g+1+m—1. Then 2m < 2q. This mean that m <gq, itis impossible.
Thus D d(v)zn+m—1.

veV

Conversely, let Zd(v) >n+m-—1.

velV

We have
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Zd(v)=3m2n+m—l

velV

2m=>n-—1

if n=2g+1, then
InZ n—l ] 2q+l_1 :q: _2_(_/_ = 2_(/_+l _ _'1
2 2 2 2 2 2
. Therefore mZ{%J

2. Let n=2gq for some ¢ € Z, from assumption we have,

-
nzzﬁ—l:q—l
2

This implies that m2g—-1. Suppose that » d(v)<n+m-2. Since > d(v)=3m,

vel’ vel
3m<n+m-2=2g+m-2. Then 2m<2q~2. This mean that m<g-1, it is
impossible. Thus Zd(v)211+m—2.
vel

Conversely, let Za’ (v)zn+m-2.

vel’
We have
, Zd(v)=3m2n+m—2

vel

2m=2n-2

n-2 n
. mz =—-1
2 2

Therefore m > % -1

(u]
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