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a b s t r a c t

This article presents a new hybrid conjugate gradient (CG) algorithm for solving un-
constrained optimization problem. The search direction is defined as a combination of
Hestenes–Stiefel (HS) and the Liu–Storey (LS) CG parameters and is close to the direction
of the memoryless Broyden–Fletcher–Goldferb–Shanno (BFGS) quasi-Newton direction.
In addition, the search direction is descent and bounded. The global convergence of the
algorithm is obtained under the Wolfe-type and Armijo-type line searches. Numerical
experiments on some benchmark test problems is carried out to depict the efficiency and
robustness of the hybrid algorithm. Furthermore, a practical application of the algorithm
in motion control of robot manipulator and image restoration is provided.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Consider the unconstrained optimization problem:

min
x∈Rn

f (x), (1)

∗ Corresponding author.
E-mail address: nuttapol.pak@pcru.ac.th (N. Pakkaranang).
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where f : Rn
→ R is continuously differentiable and its gradient g(x) = ∇f (x) is Lipschitz continuous. There are several

methods for solving (1) such as the Newton method, the quasi-Newton method, and some of their variants [1–3]. However,
these methods are not suitable for large-scale problems as they require computing and storing of the Hessian matrix at
every iteration. In addition, the methods fail when the Hessian matrix is singular. As a result of these drawbacks, the
conjugate gradient (CG) methods were introduced.

CG methods are among the recently interesting iterative methods for solving large-scale problems of the form (1)
because of their simplicity in implementation, Hessian free and less storage requirements [4]. A CG method for solving
(1) produces a sequence {xk} using the formula

xk+1 = xk + sk, sk = αkdk, k = 0, 1, . . . , (2)

where dk is the search direction given by

dk :=

{
−gk, if k = 0,
−gk + βkdk−1, if k > 0.

(3)

The scalar αk > 0 is the stepsize obtained through a line search procedure, and βk is the CG parameter. However, for a
descent method, dk is required to satisfy the inequality

gT
k dk ≤ −c∥gk∥2, c > 0. (4)

Some of the well-known nonlinear conjugate gradient parameters are the Fetcher–Reeves (FR) [5], Polak–Ribiére–Polyak
(PRP) [6,7], Hestenes–Stiefel (HS) [8], conjugate descent (CD) [9], Liu–Storey (LS) [10] and Dai–Yuan (DY) [11]. These
parameters are defined as follows:

βFR
k =

∥gk∥2

∥gk−1∥
2 , βCD

k =
∥gk∥2

−dTk−1gk−1
, βDY

k =
∥gk∥2

dTk−1yk−1
, (5)

βHS
k =

gT
k yk−1

dTk−1yk−1
βPRP
k =

gT
k yk−1

∥gk−1∥
2 , βLS

k =
gT
k yk−1

−gT
k−1dk−1

. (6)

where gk = g(xk), yk−1 = gk − gk−1 and ∥ · ∥ is the Euclidean norm.
As a way of improving the classical two-term direction above, hybrid and three-term CG methods were developed.

For example, in [12], Liu and Li proposed a hybrid CG method for solving (1). The method is a combination of the LS
and DY methods. The search direction satisfies the Newton direction as well as the Dai–Liao (DL) conjugacy condition.
Global convergence was achieved under strong Wolfe line search. Xu and Kong [13] proposed two hybrid methods,
where the first method is a combination of DY and HS methods while the second is that of FR and PRP. Dong et al. [14]
proposed a modified HS method that is close to the Newton direction and satisfies the descent condition. The hybridization
parameter was obtained using some conjugacy condition and the global convergence for general functions was proved
under certain assumptions. Li [15] proposed a three-term PRP method with the search direction close to the direction
of the memoryless BFGS quasi-Newton method. The method reduces to the standard PRP method when an exact line
search is used. The method satisfies the descent condition. The global convergence of the method was established using
an appropriate line search. Numerical results show that the method is efficient for the standard unconstrained problems
in the CUTEr library. Again, Li [16] proposed a nonlinear CG method which generates a search direction that is close to
that of the memoryless BFGS quasi-Newton method. Moreover, the search direction satisfies the descent condition. Global
convergence for strongly convex functions and nonconvex functions was established under the strong Wolfe line search.
For more on CG methods, readers are referred to [17–28].

Motivated by the ideas given in [15,16], we present a hybrid CG method for solving (1). The direction combines the
three-term PRP and LS directions. Furthermore, the direction is close to that of the memoryless BFGS quasi-Newton
method and has the descent and trusts region properties. The global convergence under both the Wolfe and Armijo line
searches is proved. Numerical results reported show the superiority of the hybrid method over those proposed in [15,16].
The advantage and novelty of the propose method is that; it possess the nice properties of both PRP and LS directions.
Lastly, application of the method in motion control of robot manipulator is shown. The remainder of this paper is organized
as follows. In the next section, the new method is derived together with its convergence. In Section 3, we provide some
numerical experimental results.

2. Algorithm and theoretical results

Recall a three-term CG method for solving (1). From an initial guess x0, the method compute the search direction as
follows:

d0 := −g0, dk := −gk + βkdk−1 + γkyk−1, k ≥ 1, (7)

where βk, γk are parameters. Distinct choices of the parameters βk and γk correspond to distinct three-term CG methods.
t is clear that, the three-term CG methods collapses to the classical ones when γ = 0.
k

2
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Next, we will recall the memoryless BFGS method proposed by Nocedal [29] and Shanno [30], where the search
irection can be written as

dBFGSk := −Qkgk,

Qk = −

(
I −

sk−1yTk−1

sTk−1yk−1
−

yk−1sTk−1

sTk−1yk−1
+

sk−1yTk−1yk−1sTk−1

sTk−1yk−1
+

sk−1sTk−1

sTk−1yk−1

)
,

k−1 = xk − xk−1 = αk−1dk−1 and I is the identity matrix. After simplification, dLBFGSk can be rewritten as

dBFGSk := −gk +

(
βHS
k −

∥yk−1∥
2gT

k dk−1

(dTk−1yk−1)2

)
dk−1 +

gT
k dk−1

dTk−1yk−1
(yk−1 − sk−1). (8)

Based on the above, Li [31] proposed a three-term HS CG method with direction defined as

dTHSk := −gk +

(
βLS
k −

∥yk−1∥
2gT

k dk−1

(dTk−1yk−1)2

)
dk−1 + tk

gT
k dk−1

dTk−1yk−1
yk−1. (9)

Replacing βHS
k with βLS

k and ∥yk−1∥
2gTk dk−1

(dTk−1yk−1)2
with ∥yk−1∥

2gTk dk−1

(−dTk−1gk−1)2
in (8), we define another three-term search direction as

dTLSk := −gk +

(
βLS
k −

∥yk−1∥
2gT

k dk−1

(−dTk−1gk−1)2

)
dk−1 + tk

gT
k dk−1

−dTk−1gk−1
. (10)

To find the parameter tk, we require the solution of the univariate minimal problem

min
t∈R

∥(yk−1 − sk−1) − t · yk−1∥
2.

Let Ek = (yk−1 − sk−1) − t · yk−1, then

EkET
k = [(yk−1 − sk−1) − t · yk−1][(yk−1 − sk−1) − t · yk−1]

T

= [(yk−1 − sk−1) − t · yk−1][(yk−1 − sk−1)T − t · yTk−1]

= t2yk−1yTk−1 − t[(yk−1 − sk−1)yTk−1 + yk−1(yk−1 − sk−1)T ] + (yk−1 − sk−1)(yk−1 − sk−1)T .

Letting Ak = yk−1 − sk−1, then

EkET
k = t2yk−1yTk−1 − t[AkyTk−1 + yk−1AT

k ] + AkAT
k

and

tr(EkET
k ) = t2∥yk−1∥

2
− t[tr(AkyTk−1) + tr(yk−1AT

k )] + ∥Ak∥
2

= t2∥yk−1∥
2
− 2tyTk−1Ak + ∥Ak∥

2.

Differentiating the above with respect to t and equating to zero, we have

2t∥yk−1∥
2
− 2yTk−1Ak = 0,

which implies

t =
yTk−1(yk−1 − sk−1)

∥yk−1∥
2 . (11)

herefore, we choose tk as

tk := min

{
t̄,max

{
0,

yTk−1(yk−1 − sk−1)
∥yk−1∥

2

}}
, (12)

hich implies 0 ≤ tk ≤ t̄ < 1.
Motivated by the three-term CG directions defined in (9) and (10), we propose a hybrid three-term CG based algorithm

or solving (1), where the search direction is defined as

d0 := −g0, dk := −gk + βkdk−1 + γkyk−1, k ≥ 1, (13)

here

βk :=
gT
k yk−1

−
∥yk−1∥

2gT
k dk−1

2 , γk := tk
gT
k dk−1 (14)
wk wk wk

3
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and

wk := max{µ∥dk−1∥∥yk−1∥, dTk−1yk−1, −dTk−1gk−1}, µ > 0. (15)

emark 2.1. Observe that the parameter βk is a hybrid of βLS
k −

∥yk−1∥
2gTk dk−1

(−dTk−1gk−1)2
and βPRP

k −
∥yk−1∥

2gTk dk−1
∥gk−1∥4

in (9) and (10),
espectively. Furthermore, the direction defined by (13) is close to that of the memoryless BFGS method when tk =
yTk−1(yk−1−sk−1)

∥yk−1∥2
.

Remark 2.2. Note that, we carefully choose the first component of Eq. (15) so that the direction possess a descent property
(see Lemma 2.7) independent of the line search.

Lemma 2.3. The search direction dk defined by (13) satisfy (4) with c =

(
1 −

(1+t̄)2
4

)
.

Proof. Multiplying each side of (13) with gT
k , we get

gT
k dk = −∥gk∥2

+
gT
k yk−1

wk
gT
k dk−1 −

∥yk−1∥
2

w2
k

(gT
k dk−1)2 + tk

gT
k yk−1

wk
gT
k dk−1

≤ −∥gk∥2
+ (1 + tk)

gT
k yk−1

wk
gT
k dk−1 −

∥yk−1∥
2

w2
k

(gT
k dk−1)2

= −∥gk∥2
+ 2

(
(1 + tk)

2
gT
k

)
yk−1

wk
gT
k dk−1 −

∥yk−1∥
2

w2
k

(gT
k dk−1)2

≤ −∥gk∥2
+

(1 + tk)2

4
∥gk∥2

+
∥yk−1∥

2

w2
k

(gT
k dk−1)2 −

∥yk−1∥
2

w2
k

(gT
k dk−1)2

= −∥gk∥2
+

(1 + tk)2

4
∥gk∥2

≤ −

(
1 −

(1 + t̄)2

4

)
∥gk∥2. ■

Next, we will attempt to establish the convergence of the proposed scheme by first considering the standard Wolfe
ine search conditions [32],

f (xk + αkdk) − f (xk) ≤ ϑαkgT
k dk, (16)

g(xk + αkdk)Tdk ≥ σgT
k dk (17)

here 0 < ϑ < σ < 1. In addition, we will assume that

ssumption 2.4. The level set J = {x : f (x) ≤ f (x0)} is bounded.

Assumption 2.5. Suppose J is some neighborhood of K, then f is continuously differentiable and its gradient Lipschitz
continuous on J . That is, we can find L > 0 such that for all x,

∥g(x) − g(x̄)∥ ≤ L∥x − x̄∥, x̄ ∈ J . (18)

From Assumptions 2.4 and 2.5, we can deduce that for all x ∈ K there exist a1, a2 > 0 for which

• ∥x∥ ≤ a1.
• ∥g(x)∥ ≤ a2.

Furthermore, the sequence {xk} ∈ K because {f (xk)} is decreasing. Henceforth, we will suppose that Assumptions 2.4–2.5
hold and that the objective function is bounded below. We will now prove the convergence result.

Theorem 2.6. Let conditions (16) and (17) be fulfilled. If
∞∑
k=0

1
∥dk∥2 = + ∞. (19)

hen

lim inf ∥gk∥ = 0. (20)

k→∞

4
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Proof. Suppose by contradiction that Eq. (20) does not hold, then there exists a nonnegative scalar ϵ such that

∥gk∥ ≥ ϵ for all k ∈ N. (21)

rom Lemma 2.3 and (16),

f (xk+1) ≤ f (xk) + ϑαkgT
k dk ≤ f (xk) − ϑαk∥gk∥2

≤ f (xk) ≤ f (xk−1) ≤ · · · ≤ f (x0).

ikewise, by Lemma 2.3, condition (17) and Assumption 2.5, we have

−(1 − σ )gT
k dk ≤ (gk+1 − gk)Tdk ≤ ∥gk+1 − gk∥∥dk∥ ≤ αkL∥dk∥2.

ombining the above inequality with (16), we obtain

ϑ(1 − σ )
L

(gT
k dk)

2

∥dk∥2 ≤ f (xk) − f (xk+1)

and

ϑ(1 − σ )
L

∞∑
k=0

(gT
k dk)

2

∥dk∥2 ≤ (f (x0) − f (x1)) + (f (x1) − f (x2)) + · · · ≤ f (x0) < +∞,

ince {f (xk)} is bounded. The above implies that
∞∑
k=0

(gT
k dk)

2

∥dk∥2 < +∞. (22)

ow, inequality (21) with (4) implies that

gT
k dk ≤ −

(
1 −

(1 + t̄)2

4

)
∥gk∥2

≤ −

(
1 −

(1 + t̄)2

4

)
ϵ2. (23)

quaring both sides and dividing by ∥dk∥2
̸= 0 of (23), yields

∞∑
k=0

(gT
k dk)

2

∥dk∥2 ≥

(
1 −

(1 + t̄)2

4

)2 ∞∑
k=0

ϵ4

∥dk∥2 = + ∞. (24)

his contradicts (22). Therefore, the conclusion of the theorem holds. ■

Next, we will establish the convergence of the proposed method under the Armijo-type backtracking line search
rocedure. The procedure was first introduced by Grippo and Lucidi [33], where the step size αk is determined as follows:
, ϑ ∈ (0, 1), αk = ρ i, where i is the smallest nonnegative integer for which the relation

f (xk + αkdk) ≤ f (xk) − ϑα2
k∥dk∥

2 (25)

old.
From (25) and the fact that {f (xk)} is decreasing, we can deduce that

∞∑
k=0

α2
k∥dk∥

2 < +∞,

hich further implies that

lim
k→∞

αk∥dk∥ = 0. (26)

emma 2.7. If {dk} is defined by (13), then there is N3 > 0 for which ∥dk∥ ≤ N3.

roof. From (14),

|βk| =

⏐⏐⏐⏐gT
k yk−1

wk
−

∥yk−1∥
2gT

k dk−1

w2
k

⏐⏐⏐⏐
≤

∥gk∥∥yk−1∥

µ∥dk−1∥∥yk−1∥
−

∥yk−1∥
2
∥gk∥∥dk−1∥

(µ∥dk−1∥∥yk−1∥)2

=

(
1

+
1
2

)
∥gk∥

. (27)

µ µ ∥dk−1∥

5
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Also,

|γk| =

⏐⏐⏐⏐tk gT
k dk−1

wk

⏐⏐⏐⏐
= tk

⏐⏐⏐⏐gT
k dk−1

wk

⏐⏐⏐⏐
≤ t̄

∥gk∥∥dk−1∥

wk

≤ t̄
∥gk∥∥dk−1∥

µ∥dk−1∥∥yk−1∥

=
t̄
µ

∥gk∥
∥yk−1∥

. (28)

herefore, from (13), (27) and (28), we have

∥dk∥ = ∥−gk + βkdk−1 + γkyk−1∥

≤ ∥gk∥ + |βk|∥dk−1∥ + |γk|∥yk−1∥

≤ ∥gk∥ +

(
1
µ

+
1
µ2

)
∥gk∥

∥dk−1∥
∥dk−1∥ +

t̄
µ

∥gk∥
∥yk−1∥

∥yk−1∥ (29)

=

(
1 +

1 + t̄
µ

+
1
µ2

)
∥gk∥

=

(
1 +

1 + t̄
µ

+
1
µ2

)
a2. (30)

etting N3 =

(
1 +

1+t̄
λ

+
1
λ2

)
a2, we have

∥dk∥ ≤ N3. ■ (31)

heorem 2.8. If the step size αk is obtained via relation (25), then

lim inf
k→∞

∥gk∥ = 0. (32)

roof. Suppose by contradiction Eq. (32) is not true. Then for all k, we can find an r2 > 0 for which

∥gk∥ ≥ r2. (33)

Let αk = ρ−1αk, then αk does not satisfy (25). That is

f (xk + ρ−1αkdk) > f (xk) − ϑρ−2α2
k∥dk∥

2. (34)

pplying the mean value theorem together with Lemma 2.7, (4) and (18), there exist an lk ∈ (0, 1) such that

f (xk + ρ−1αkdk) − f (xk) = ρ−1αkg(xk + lkρ−1αkdk)

= ρ−1αkgT
k dk + ρ−1αk(g(xk + lkρ−1αkdk) − gk)Tdk

≤ ρ−1αkgT
k dk + Lρ−2α2

k∥dk∥
2.

Inserting the above relation in (34), together with (31) and (33) we have

αk ≥
ρ∥gk∥2

(L + ϑ)∥dk∥2 ≥
ρr22

(L + ϑ)N2
2

> 0.

This and (26) give

lim
k→∞

∥dk∥ = 0. (35)

n the other hand, applying backward Cauchy–Schwarz inequality on (4) gives

∥dk∥ ≥

(
1 −

(1 + t̄)2

4

)
∥gk∥.

Thus, we have lim ∥gk∥ = 0 which leads to a contradiction and therefore (32) holds. ■

k→∞

6
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Fig. 1. Performance profiles on NOI.

3. Numerical experiments

This section we evaluate the performance of our proposed method by using 144 problems with range dimensions
from 2 to 1,000,000. The idea of this numerical experiment was carried out to see the computational performance of the
proposed method. The test function and initial points are presented in Table 1 and considered by Andrei [34]. Our proposed
method is symbolized as HTTHSLS and will be compared with NHS+ [16] and NPRP+ [15] methods. The comparison all
the methods were implemented in Matlab and run using Matlab R2019a on a personal laptop with specification; Intel Core
i7 processor, 16 GB RAM, 64 bit Windows 10 Pro operating system. For each function, we use five different dimensions
to see the ability of methods in solving the problems. Comparison of computations is carried out objectively by using a
standard Wolfe line search that is using the parameter values that correspond in the papers [15,16]: ϑ = 0.1, σ = 0.9,
and t̄ = 0.3 for NHS+ and NPRP+ methods. Specifically, we take the parameter ϑ = 0.0001, σ = 0.009, t̄ = 0.3, and
µ = 0.01 for HTTHSLS method. The all methods were stopped when ∥gk∥ ≤ 10−6, and will be failed if the number of
iterations more than 10,000 or never be reach the optimal value.

The numerical results of all methods are listed in Table 2, which consists of the number of iterations (NOI), the number
of function evaluations, and the central of processing unit (CPU) time. The methods that fail to solve the problem are
marked with ‘‘–’’. From Table 2, the NHS+ method was successful in solving the problem by 93%, the NPRP+ method
95%, and HTTHSLS method 97%.

The computational performances of each method were compared based on NOI, NOF, and CPU time and presented
profile curve in Figs. 1–3 by using performance profile suggested by Dolan and Moré [35]. Generally, in performance
profile, Ωs(τ ) is the fraction problem with a ratio performance τ . So, the higher the Ωs(τ ) value, it can be said that the
method is superior. The formula of Ωs(τ ) is defined as follows:

Ωs(τ ) =
1
np

size{p ∈ P : log2 rp,s ≤ τ },

here P, S, ns, np are set of the test problems, set of the methods, the number of methods, and the number of test
roblems, respectively. The performance profile Ω : R → [0, 1] is defined that cp,s > 0 is NOI (or NOF or CPU time)

required to solve problems p by method s for each s ∈ S, p ∈ P , τ > 0, size {p ∈ P : log2 rp,s ≤ τ } is the number of the
elements in the set {p ∈ P : log2 rp,s ≤ τ }, and rp,s is performance ratio formulated as rp,s = cp,s/min{cp,s}.

From the properties of the performance profiles curve, that the higher the curve in the figures, then the method is
efficient. Likewise, according to numerical reports in Table 2 and Figs. 1–3, the proposed HTTHSLS method shows some
advantages, i.e HTTHSLS is effective for the 144 tested problems and the most efficient of the NHS+ and NPRP+ methods.
Moreover, the numerical performance of HTTHSLS method is relatively stable due to the right choice (14) and (15) as the
parameter. In other words, the three methods have all proven to be practically effective, at least for these particular
sets of numerical experiments, according to the numerical results of the three comparisons and their corresponding
performance profiles. Additionally, it is important to note that the HTTHSLS functions very robustly, particularly when
tackling challenging problems.
7
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Table 1
List of test functions and initial points.
Problem Functions Dimension Initial Points

1 Extended White & Holst 50,000 (1.1, . . . ,1.1)
2 Extended White & Holst 100,000 (1.1, . . . ,1.1)
3 Extended White & Holst 1,000,000 (1.1, . . . ,1.1)
4 Extended Rosenbrock 50,000 (0.1,1, . . . ,0.1,1)
5 Extended Rosenbrock 100,000 (0.1,1, . . . ,0.1,1)
6 Extended Rosenbrock 1,000,000 (0.1,1, . . . ,0.1,1)
7 Extended Freudenstein & Roth 1,000 (0.5,−2, . . . ,0.5,−2)
8 Extended Freudenstein & Roth 50,000 (0.5,−2, . . . ,0.5,−2)
9 Extended Freudenstein & Roth 100,000 (0.5,−2, . . . ,0.5,−2)

10 Extended Beale 1,000 (1,0.8, . . . ,1,0.8)
11 Extended Beale 50,000 (1,0.8, . . . ,1,0.8)
12 Extended Beale 100,000 (1,0.8, . . . ,1,0.8)
13 Raydan 1 10 (1.08, . . . ,1.08)
14 Raydan 1 50 (1.08, . . . ,1.08)
15 Raydan 1 100 (1.08, . . . ,1.08)
16 Extended Tridiagonal 1 10 (−2.1, . . . ,−2.1)
17 Extended Tridiagonal 1 50 (−2.1, . . . ,−2.1)
18 Extended Tridiagonal 1 100 (−2.1, . . . ,−2.1)
19 Diagonal 4 1,000 (0.1, . . . ,0.1)
20 Diagonal 4 5,000 (0.1, . . . ,0.1)
21 Diagonal 4 50,000 (0.1, . . . ,0.1)
22 Extended Himmelblau 1,000 (5, . . . ,5)
23 Extended Himmelblau 50,000 (5, . . . ,5)
24 Extended Himmelblau 100,000 (5, . . . ,5)
25 FLETCHCR 100 (−5, . . . ,−5)
26 FLETCHCR 5,000 (−5, . . . ,−5)
27 FLETCHCR 50,000 (−5, . . . ,−5)
28 Extended Powel 100 (8, . . . ,8)
29 Extended Powel 1,000 (8, . . . ,8)
30 NONSCOMP 2 (10, 10)
31 NONSCOMP 4 (10, . . . ,10)
32 NONSCOMP 10 (10, . . . ,10)
33 Extended DENSCHNB 1,000 (1, . . . ,1)
34 Extended DENSCHNB 50,000 (1, . . . ,1)
35 Extended DENSCHNB 100,000 (1, . . . ,1)
36 Extended Penalty Function U52 5 (1, . . . ,5)
37 Extended Penalty Function U52 10 (1, 2, . . . ,10)
38 Extended Penalty Function U52 50 (1, 2, . . . ,50)
39 Hager 5 (1, . . . ,1)
40 Hager 10 (1, . . . ,1)
41 Hager 50 (1, . . . ,1)
42 Extended Maratos 10 (−0.5, . . . ,−0.5)
43 Extended Maratos 50 (−0.5, . . . ,−0.5)
44 Extended Maratos 100 (−0.5, . . . ,−0.5)
45 Six Hump Camel 2 (−1.5, −2)
46 Six Hump Camel 2 (−5, −10)
47 Three Hump Camel 2 (−1.5, −2)
48 Three Hump Camel 2 (−5, −10)
49 Booth 2 (5, 5)
50 Booth 2 (10, 10)
51 Trecanni 2 (−1, 0.5)
52 Trecanni 2 (−5, 10)
53 Zettl 2 (0, 0)
54 Zettl 2 (10, 10)
55 Shallow 1,000 (1.001, . . . ,1.001)
56 Shallow 50,000 (1.001, . . . ,1.001)
57 Shallow 100,000 (1.001, . . . ,1.001)
58 Generalized Quartic 100 (1.001, . . . ,1.001)
59 Generalized Quartic 5,000 (1.001, . . . ,1.001)
60 Generalized Quartic 10,000 (1.001, . . . ,1.001)
61 Quadratic QF2 10 (0.5, . . . ,0.5)
62 Quadratic QF2 100 (0.5, . . . ,0.5)
63 Quadratic QF2 1000 (0.5, . . . ,0.5)
64 Leon 2 (−2, −2)
65 Leon 2 (−8, −8)

(continued on next page)
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Table 1 (continued).
Problem Functions Dimension Initial Points

66 Generalized Tridiagonal 1 5 (15, . . . ,15)
67 Generalized Tridiagonal 1 10 (15, . . . ,15)
68 Generalized Tridiagonal 1 100 (15, . . . ,15)
69 Generalized Tridiagonal 2 10 (4, . . . ,4)
70 Generalized Tridiagonal 2 50 (4, . . . ,4)
71 Generalized Tridiagonal 2 500 (4, . . . ,4)
72 POWER 10 (3, . . . ,3)
73 POWER 50 (3, . . . ,3)
74 POWER 500 (3, . . . ,3)
75 Quadratic QF1 100 (1, . . . ,1)
76 Quadratic QF1 1,000 (1, . . . ,1)
77 Quadratic QF1 10,000 (1, . . . ,1)
78 Extended Quadratic Penalty QP2 5 (1, . . . ,1)
79 Extended Quadratic Penalty QP2 50 (1, . . . ,1)
80 Extended Quadratic Penalty QP2 500 (1, . . . ,1)
81 Extended Quadratic Penalty QP1 5 (2, . . . ,2)
82 Extended Quadratic Penalty QP1 10 (2, . . . ,2)
83 Extended Quadratic Penalty QP1 100 (2, . . . ,2)
84 Quartic 4 (0.5, . . . ,0.5)
85 Quartic 4 (0.001, . . . ,0.001)
86 Matyas 2 (1, 1)
87 Matyas 2 (20, 20)
88 Colville 4 (1.2, 1.2, 1.2, 1.2)
89 Colville 4 (−0.5, . . . ,−0.5)
90 Dixon and Price 1,000 (0.5, . . . ,0.5)
91 Dixon and Price 10,000 (0.5, . . . ,0.5)
92 Dixon and Price 100,000 (0.5, . . . ,0.5)
93 Sphere 1,000 (1, . . . ,1)
94 Sphere 10,000 (1, . . . ,1)
95 Sphere 100,000 (1, . . . ,1)
96 Sum Squares 1,000 (0.1, . . . ,0.1)
97 Sum Squares 10,000 (0.1, . . . ,0.1)
98 Sum Squares 50,000 (0.1, . . . ,0.1)
99 DENSCHNA 1,000 (−1, . . . ,−1)

100 DENSCHNA 10,000 (−1, . . . ,−1)
101 DENSCHNA 100,000 (−1, . . . ,−1)
102 DENSCHNC 100 (1.5, . . . ,1.5)
103 DENSCHNC 5,000 (1.5, . . . ,1.5)
104 DENSCHNC 50,000 (1.5, . . . ,1.5)
105 Extended Block-Diagonal BD1 100 (1.02, . . . ,1.02)
106 Extended Block-Diagonal BD1 5,000 (1.02, . . . ,1.02)
107 Extended Block-Diagonal BD1 50,000 (1.02, . . . ,1.02)
108 HIMMELBH 10 (0.8, . . . ,0.8)
109 HIMMELBH 50 (0.8, . . . ,0.8)
110 HIMMELBH 100 (0.8, . . . ,0.8)
111 Extended Hiebert 1,000 (5, . . . ,5)
112 Extended Hiebert 10,000 (5, . . . ,5)
113 Extended Hiebert 100,000 (5, . . . ,5)
114 ENGVAL1 5 (1, . . . ,1)
115 ENGVAL1 10 (1, . . . ,1)
116 ENGVAL1 50 (1, . . . ,1)
117 ENGVAL8 5 (0.5, . . . ,0.5)
118 ENGVAL8 10 (0.5, . . . ,0.5)
119 ENGVAL8 50 (0.5, . . . ,0.5)
120 Linear Perturbed 100 (0.1, . . . ,0.1)
121 Linear Perturbed 5,000 (0.1, . . . ,0.1)
122 Linear Perturbed 50,000 (0.1, . . . ,0.1)
123 QUARTICM 1,000 (4, . . . ,4)
124 QUARTICM 50,000 (4, . . . ,4)
125 QUARTICM 100,000 (4, . . . ,4)
126 Price 4 2 (−2, 3)
127 Price 4 2 (3, −2)
128 Zirilli or Aluffi-Pentini’s 2 (1, 1)
129 Zirilli or Aluffi-Pentini’s 2 (−1, −1)
130 Diagonal Double Border Arrow Up 10 (0.4, . . . ,0.4)
131 Diagonal Double Border Arrow Up 500 (0.4, . . . ,0.4)
132 Diagonal Double Border Arrow Up 5,000 (0.4, . . . ,0.4)

(continued on next page)
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Table 1 (continued).
Problem Functions Dimension Initial Points

133 HARKERP 1,000 (1, . . . ,1000)
134 HARKERP 50,000 (1,2, . . . ,50000)
135 HARKERP 100,000 (1,2, . . . ,100000)
136 Extended Quadratic Penalty QP3 5 (1, . . . ,1)
137 Extended Quadratic Penalty QP3 10 (1, . . . ,1)
138 Extended Quadratic Penalty QP3 100 (1, . . . ,1)
139 DIAG-AUP1 10 (−1, . . . ,−1)
140 DIAG-AUP1 1,000 (−1, . . . ,−1)
141 DIAG-AUP1 10,000 (−1, . . . ,−1)
142 ARWHEAD 10 (1, . . . ,1)
143 ARWHEAD 50 (1, . . . ,1)
144 ARWHEAD 100 (1, . . . ,1)

Fig. 2. Performance profiles on NOF.

Fig. 3. Performance profiles on CPU.
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Table 2
The numerical results of all methods using standard Wolfe line search.
Problem NHS+ NPRP+ HTTHSLS

NOI NOF CPU NOI NOF CPU NOI NOF CPU

1 29 108 2.0158 26 97 2.0029 7 38 0.6411
2 29 108 3.9452 26 97 4.0478 8 41 1.3829
3 29 108 41.705 26 97 36.7233 8 41 13.5392
4 31 134 1.0043 24 99 1.1229 13 74 0.5209
5 33 140 2.0673 27 107 2.0159 13 74 1.0018
6 33 140 22.4099 23 97 15.3982 13 74 10.5875
7 – – – 17 76 0.0168 7 41 0.0333
8 – – – – – – – – –
9 – – – – – – – – –

10 31 93 0.073 15 54 0.0248 12 57 0.0294
11 34 101 2.0634 15 54 1.3434 12 57 1.0554
12 35 103 4.2888 15 54 2.3733 12 57 2.067
13 96 192 0.0158 105 210 0.0054 20 73 0.0018
14 59 154 0.0041 56 141 0.0089 61 178 0.007
15 72 217 0.0114 73 220 0.0221 68 332 0.0157
16 42 126 0.0258 22 66 0.0028 7 38 9.25E−04
17 43 129 0.0062 42 155 0.0168 7 38 0.0025
18 43 129 0.0167 41 140 0.0198 7 38 0.0055
19 6 16 0.0175 6 16 0.0145 7 18 0.0101
20 6 16 0.0207 6 16 0.0293 7 18 0.0213
21 6 16 0.1491 6 16 0.1598 7 18 0.0213
22 12 49 0.0339 12 48 0.022 7 30 0.0157
23 13 52 0.4244 12 48 0.4211 7 30 0.2562
24 13 52 0.8046 12 48 0.8413 7 30 0.4516
25 36 162 0.0208 38 171 0.0141 38 180 0.0233
26 41 172 0.1608 39 174 0.1807 40 182 0.1671
27 54 239 1.773 33 145 1.2283 34 157 1.1791
28 3060 9236 0.597 99 343 0.0403 – – –
29 4670 14066 6.2855 183 676 0.1057 2107 6446 2.7555
30 22 88 0.011 19 75 0.0011 12 62 0.0056
31 204 652 0.005 49 177 0.0045 209 711 0.0093
32 1284 4081 0.0376 2017 6130 0.079 9388 29233 0.2516
33 8 24 0.0255 6 19 0.0098 5 19 0.0265
34 8 24 0.213 6 19 0.1804 5 19 0.1556
35 8 24 0.4034 6 19 0.3652 5 19 0.2805
36 26 89 0.0032 18 61 0.0014 30 103 0.0093
37 21 84 0.0015 22 82 0.0021 16 62 0.0013
38 22 95 0.017 31 127 0.0063 85 303 0.0094
39 13 30 0.0022 11 28 9.93E−04 25 50 0.0011
40 19 48 9.32E−04 15 40 0.0086 21 51 0.0012
41 20 61 0.0041 20 61 0.0057 19 60 0.0039
42 22 89 0.0028 29 137 0.004 16 104 0.0015
43 22 89 0.0039 29 137 0.0222 16 104 0.0052
44 22 89 0.0044 29 137 0.0132 16 104 0.0073
45 8 29 9.24E−04 8 30 0.0087 5 24 2.80E−04
46 8 40 7.14E−04 11 49 9.96E−04 7 37 5.42E−04
47 17 50 0.0251 20 65 0.0088 22 341 0.0055
48 – – – – – – 19 301 0.0028
49 2 6 0.0871 2 6 0.0075 2 6 4.60E−03
50 2 6 2.10E−04 2 6 2.42E−04 2 6 1.34E−04
51 1 3 1.88E−04 1 3 0.0052 1 3 4.00E−03
52 9 32 7.22E−04 8 31 0.0017 5 21 2.72E−04
53 2 6 1.86E−04 2 6 0.0075 1 4 3.80E−03
54 20 64 9.04E−04 25 78 0.0014 13 57 8.68E−04
55 6 16 2.31E−02 7 19 0.0078 3 11 1.56E−02
56 9 23 0.2059 11 29 0.2974 3 11 0.1198
57 9 23 0.3979 11 29 0.5328 3 11 0.1832
58 – – – – – – 16 151 0.0148
59 25 145 0.1264 38 317 0.2441 13 89 0.0728
60 – – – 29 295 0.5282 19 110 0.1949
61 28 89 0.8985 29 93 0.0185 26 91 0.0076
62 113 369 0.0305 97 321 0.0271 102 359 0.0273
63 398 1316 0.2932 399 1301 0.2838 353 1272 0.2388
64 45 265 0.0041 42 214 0.0017 19 138 0.0016
65 65 454 0.0057 63 471 0.0115 36 336 0.0038

(continued on next page)
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Table 2 (continued).
Problem NHS+ NPRP+ HTTHSLS

NOI NOF CPU NOI NOF CPU NOI NOF CPU

66 21 80 0.0041 23 90 0.0023 18 80 0.0016
67 32 125 0.0033 28 111 0.0028 29 125 0.0042
68 34 133 0.0173 34 133 0.0286 34 158 0.0102
69 42 125 0.0027 – – – 23 77 0.0094
70 – – – – – – 50 151 0.0054
71 – – – – – – 48 231 0.0403
72 10 30 0.002 10 30 8.18E−04 10 30 6.06E−04
73 65 195 0.0095 66 198 0.0104 66 198 0.0052
74 770 2310 0.3748 773 2319 0.3232 3975 11925 1.5423
75 56 168 0.015 56 168 0.0149 56 168 0.0093
76 187 561 0.1561 187 561 0.1324 187 561 0.1325
77 606 1818 3.6258 606 1818 3.6506 606 1818 3.5241
78 18 110 0.0034 15 104 9.85E−04 15 121 0.0022
79 36 267 0.0139 35 299 0.0233 25 252 0.0088
80 48 411 0.0896 44 362 0.0924 61 667 0.1113
81 11 42 0.0024 9 35 9.99E−04 7 32 1.25E−02
82 10 37 1.00E−03 12 44 0.001 7 33 0.0012
83 12 56 0.0054 13 60 0.0147 8 42 0.0046
84 48 206 0.0039 204 686 0.0184 420 1377 0.0328
85 46 139 0.0027 69 209 0.015 16 51 1.50E−03
86 63 252 0.0042 63 252 0.0021 9 63 6.70E−03
87 80 320 0.0067 80 320 0.0099 11 77 1.20E−03
88 23 82 0.0012 57 184 0.0041 17 65 7.88E−04
89 109 395 0.0043 43 181 0.0029 65 258 0.0031
90 62 189 0.0403 64 195 0.0517 79 246 0.0616
91 62 189 0.4356 64 195 0.3995 79 246 0.5104
92 62 189 4.0203 64 195 3.0299 79 246 5.4423
93 1 3 0.0032 1 3 9.66E−04 1 3 1.80E−03
94 1 3 0.017 1 3 0.0156 1 3 0.0137
95 1 3 0.0725 1 3 0.0866 1 3 0.0693
96 178 534 0.1469 178 534 0.1275 178 534 0.1333
97 578 1734 3.4678 578 1734 3.2786 578 1734 3.1566
98 1310 3930 37.7475 1310 3930 31.1912 1310 3930 32.8052
99 14 39 0.024 21 56 0.0406 8 28 0.0215

100 14 39 0.1755 23 61 0.2629 8 28 0.1136
101 16 44 1.7127 23 61 2.0306 8 28 0.8927
102 61 189 0.023 46 145 0.0216 26 637 0.0546
103 69 213 0.5006 51 160 0.3985 29 760 1.3348
104 71 219 6.4551 56 175 3.5353 39 1096 29.5603
105 22 67 0.0084 21 66 0.0055 9 125 0.0087
106 24 73 0.0929 24 75 0.101 10 128 0.1398
107 24 73 0.9687 25 78 1.2307 10 130 1.2586
108 5 15 0.0016 5 15 5.04E−04 4 12 3.95E−04
109 5 15 0.0012 5 15 0.0013 4 12 1.40E−03
110 5 15 0.0023 5 15 0.0127 4 12 0.0017
111 79 332 0.0801 42 201 0.0585 28 217 0.0555
112 45 244 0.4976 45 211 0.425 28 217 0.4007
113 40 221 5.28 153 478 12.5747 28 217 3.9269
114 21 66 0.0024 23 72 0.0019 16 247 0.0043
115 21 66 0.0016 22 69 0.0017 19 360 0.0032
116 21 66 0.0042 24 75 0.0156 20 364 0.0095
117 36 112 0.0038 41 127 0.0026 35 603 0.0049
118 39 121 0.0032 42 130 0.0191 35 580 0.0072
119 39 121 0.0084 42 130 0.0064 34 589 0.0201
120 54 162 0.016 54 162 0.018 54 162 0.0076
121 406 1218 1.0576 406 1218 1.0436 406 1218 1.0019
122 1310 3930 29.4132 1310 3930 68.1057 1310 3930 30.5202
123 90 658 0.3314 90 658 0.3384 4 36 0.0233
124 103 847 16.7984 103 847 17.4984 5 55 1.0036
125 105 879 34.7643 105 879 49.8536 5 55 2.051
126 7 39 7.42E−04 32 130 0.0021 218 727 0.011
127 38 165 0.0023 28 107 0.0084 515 1576 2.12E−02
128 12 24 5.99E−04 30 60 0.0013 9 18 4.70E−04
129 7 17 5.89E−04 7 17 4.39E−04 13 27 6.80E−04
130 1874 29130 1.94E−01 178 1785 2.41E−02 69 1379 0.0126

(continued on next page)
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Table 2 (continued).
Problem NHS+ NPRP+ HTTHSLS

NOI NOF CPU NOI NOF CPU NOI NOF CPU

131 2149 31230 3.9207 413 5743 0.6204 118 2077 0.2089
132 8946 125214 105.6371 1282 18556 12.8012 62 1725 1.13
133 12 85 0.0309 11 74 0.0294 9 71 0.0125
134 19 266 1.6273 19 222 1.5759 – – –
135 19 236 2.9363 16 202 2.9738 – – –
136 8 27 0.0025 8 27 7.09E−04 5 20 4.49E−04
137 12 47 0.0012 10 40 0.0024 10 47 0.0011
138 24 112 0.011 22 106 0.01 11 73 0.007
139 1067 16397 0.1343 97 852 0.0123 74 1318 0.0182
140 5151 74429 24.8758 1199 15445 2.8983 1113 15504 2.5074
141 – – – 4801 62584 132.214 2764 37546 64.1872
142 710 9171 0.0769 196 3528 0.0271 175 3223 0.0224
143 1816 29942 0.1568 1041 18481 0.1006 1013 18019 0.0888
144 3102 50617 0.2709 1984 35138 0.168 1957 34624 0.2024

3.1. Motion control of robot manipulator

This subsection will examine the efficiency of the hybrid method in solving motion control of robot manipulator
roblem. For the experiment, we use the Armijo line search (25) with ρ = 0.6, ϑ = 0.018 and the direction given
y (13)–(15) with t̄ = 0.3 and µ = 0.01. These parameters were chosen because they provide the best results out of so
any options. Consider the motion control of two-joint planar robot manipulator [36,37]. Moreover, we can extend the
otion control of robot manipulator with more joints as follows.
Suppose rdk ∈ R2 is the desired path vector at time instant tk ∈ [0, tf ], then the discrete-time kinematics equation of

two-joint planar robot manipulator at the position level is equivalent to finding the joint angle vector υk ∈ R2 such that

f (υk) = rdk, (36)

where f (·) is the kinematics function defined as

f (υ) =

[
l1a1 + l2a2
l1b1 + l2b2

]
,

where a1 = cos(υ1), b1 = sin(υ1), a2 = cos(υ1 + υ2), b2 = sin(υ1 + υ2), and li is the length of the ith rod (i = 1, 2).
owever, problem (36) can be written as an optimization problem as follows

min
υk∈R2

1
2
∥f (υk) − rdk∥2.

To make things easy, we choose li = 1 (i = 1, 2) and the end-effector is controlled to track the following Lissajous
curve [36]

rdk =

[
1.5 + 0.2 sin(π tk/5)√

3/2 + 0.2 sin(2π tk/5 + π/3)

]
.

The starting point υ0 is carefully selected as υ0 = [0, π/3]⊤, and the starting point of the ith optimization problem
is set as the approximate optimal solution of the i − 1-th optimization problem (i = 2, 3, . . .). Also, the experiment
duration is [0, 10] and divided into 200 equal parts. The results of the experiment is given in Fig. 4, which illustrates that
the proposed method successfully completes the motion control. In particular, the robot trajectories synthesized by the
proposed method is drawn in Fig. 4(a), and the end-effector trajectory and desired path is plotted in Fig. 4(b). Figs. 4(c)
and 4(d) show the error generated by the proposed method on x-axis and y-axis, respectively. In conclusion, Figs. 4(c)
and 4(d) show that the generated errors are below 10−5 throughout the experiment duration.

3.2. Image recovery

In this section, we evaluate the performance of HTTHSLS algorithm in image restoration. It is a common knowledge
that images get corrupted by impulse noise as a result of noisy sensors or channels of communication. Impulse noise is
among common noise models where only a portion of the pixels gets contaminated. Several image related applications in
most cases require some good techniques of noise suppression in order to produce reliable results to restore the original
image. This problems are mostly taken as tedious problems in optimization due to their non-smoothness. In recent times,
researchers are focused on developing algorithms for restoring corrupted images, see [38,39] and references therein. For
CG algorithms for image restoration, see [40–44] and references therein.
13
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Fig. 4. Numerical results generated by HTTHSLS.

In particular, a two phase algorithm for removing salt and pepper noise was proposed by Chan et al. [45]. The first phase
sed an adaptive median filter to recognize noisy pixels and in phase two, the noisy pixels are restored by minimizing
he function below:

Φ(v) =

∑
(i,j)∈N

|vij − ηmn| + λ
∑

(i,j)∈N

∑
(mn)∈Uij\N

Φα(vij − ηmn) +
λ

2

∑
(i,j)∈N

∑
(mn)∈Uij∩N

Φα(vij − ηmn), (37)

here λ is the regularization parameter. This method is capable of preserving edges during denoising but may not work
ell in detecting noisy pieces. As such, the non-smooth term |vij − ηmn| in (37) is removed and the following smooth

mage restoration problem is obtained as follows:

minΦ(v), (38)

here

Φ(v) =

∑
(i,j)∈N

∑
(mn)∈Uij\N

Φα(vij − ηmn) +
1
2

∑
(i,j)∈N

∑
(mn)∈Uij∩N

Φα(vij − ηmn),

N = {(i, j) ∈ B : η̄ij ̸= ηij, ηij = smin or Smax},

is the set for the noisy pixel, X is the original image of M × N pixels, Xij denotes the gray level of X at the pixel (i, j), for
all (i, j) ∈ B = {1, 2, . . . ,M} × {1, 2, . . . ,N}, and

Uij = {(i, j − 1), (i, j + 1), (i − 1, j), (i + 1, j)},

is a neighborhood of (i, j), η is the observed noisy image of X distorted by salt and pepper, η̄ is gotten by using an adaptive
median filter to the noisy image η, smin and Smax denote the minimum and maximum of a noisy pixel, respectively and
Φ is an edge preserving functional taken as Φ (a) =

√
a2 + α.
α α

14
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Table 3
Image restoration outputs based on Iter, CPUt and PSNR.
Image Noise ratio FHTTCGM_N HTTHSLS HZ

Iter CPUt PSNR Iter CPUt PSNR Iter CPUt PSNR

Lena 30% 12 4.28 37.00 14 4.46 36.97 20 4.92 36.93
Lena 50% 19 7.53 34.43 14 6.58 34.34 20 7.64 34.36
Lena 70% 18 9.26 31.02 19 9.52 31.05 31 12.65 31.15
Lena 90% 28 15.67 26.13 28 15.23 26.19 43 22.45 26.24
Hill 30% 14 4.61 34.95 18 5.28 34.98 14 4.53 34.93
Hill 50% 19 7.77 32.63 16 8.59 32.59 20 7.97 32.58
Hill 70% 20 10.30 29.72 19 9.66 29.67 29 12.23 29.77
Hill 90% 33 16.75 25.60 33 17.11 25.58 46 22.35 25.52
Man 30% 16 4.49 31.54 14 4.23 31.54 20 4.96 31.54
Man 50% 19 7.88 29.14 19 7.83 29.15 23 8.19 29.11
Man 70% 27 11.58 26.27 22 10.15 26.25 32 13.73 26.25
Man 90% 34 19.25 22.48 31 15.94 22.44 50 22.12 22.43
Boat 30% 16 4.71 33.66 16 4.59 33.66 18 4.79 33.64
Boat 50% 23 8.75 31.15 20 7.89 31.16 23 9.21 31.11
Boat 70% 23 10.74 28.22 21 10.02 28.23 26 11.08 28.26
Boat 90% 35 18.09 24.10 31 16.20 24.06 42 21.49 24.02
Thai fabric pattern in Phetchabun 30% 16 3.96 35.50 14 3.86 35.52 18 4.45 35.49
Thai fabric pattern in Phetchabun 50% 17 7.06 32.59 17 7.02 32.56 17 7.07 32.54
Thai fabric pattern in Phetchabun 70% 22 9.83 29.21 20 9.22 29.18 31 12.57 29.24
Thai fabric pattern in Phetchabun 90% 32 17.46 25.09 26 14.11 24.95 38 23.04 25.07

Fig. 5. Original images (Lena, Hill, Man, Boat and Thai fabric pattern in Phetchabun).

In this experiments, we consider Lena, Hill, Man and Boat as the test images with 512 × 512 gray level. We then apply
he HTTHSLS algorithm to solve (38) and compare it with FHTTCGM-N proposed by Jiang et al. [46] and HZ algorithm,
espectively. The weak Wolfe line search was considered for the experiments and the used the following as the stopping
riterion:

Iter > 300 or
|Φα(vk) − Φα(vk−1)|

|Φα(vk)|
≤ 10−4.

n addition, to assess the quality of restoration, the peak signal to noise ratio (PSNR) defined by:

PSNR = 10 log10
2552

1
M×N ∥X∗ − X∥

2
F

,

where X∗ denotes the restored image and ∥∥F is the Frobenius norm.
Table 3 has the reports of number of iterations (Iter), the computer time (CPUt) and the PSNR values of each algorithm.

Fig. 5 has the original images, while Figs. 6 and 7 has the blurred and restored image by each algorithm with 70% and 90%
noise ratio, respectively. From Fig. 5, it can be seen that, HTTHSLS has the least Iter and CPUt in most cases compared with
FHTTCGM-N and HZ. Furthermore, HTTHSLS has the highest PSNR in most cases. In this regard, we can say that HTTHSLS
is superior to the other two algorithms.

4. Conclusion

In this article, we present a hybrid CG algorithm that combined the HS and LS CG parameters. The search direction of
the algorithm is sufficiently descent and bounded independent of the line search. Moreover, the step size was obtained via
Wolfe and Armijo line searches. Convergence of the algorithm was established under suitable assumptions. To support the
convergence results, three kind of numerical experiments were reported; the first on solving benchmark unconstrained
optimization problems, the second is on motion control of robotic arm and finally on image restoration. In all three
experiments, the proposed algorithm called HTTHSLS can be seen as a better alternative compared with other algorithms
at it proves to be more efficient and robust. However, we observed some challenges and limitations of the proposed
algorithm; (a) the algorithm has high computational cost, (b) finding an optimal control parameters that will give the best
results are among the challenges. In case (a), it is likely due to the hybridization which involves so many computations.
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Fig. 6. Blurred images with 70% ratio (first row), rsetoration by FHTTCGM-N (second row), rsetoration by HTTHSLS (third row), rsetoration by HZ
(bottom row).

Fig. 7. Blurred images with 90% ratio (first row), rsetoration by FHTTCGM-N (second row), rsetoration by HTTHSLS (third row), rsetoration by HZ
(bottom row).

Data availability

Data will be made available on request.
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