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The set of journals have been ranked according to their SJR and divided into four equal groups, four quartiles. Q1 (green) comprises the quarter of the

journals with the highest values, Q2 (yellow) the second highest values, Q3 (orange) the third highest values and Q4 (red) the lowest values.

Category Year Quartile

Engineering (miscellaneous) 1999 Q1

Engineering (miscellaneous) 2000 Q1

Engineering (miscellaneous) 2001 Q1

Find similar journals

All quartiles All countries All subject categories

Only Open Access Journals

Download

SJR

The SJR is a size-independent prestige indicator that ranks journals by

their 'average prestige per article'. It is based on the idea that 'all

citations are not created equal'. SJR is a measure of scientific

influence of journals that accounts for both the number of citations

received by a journal and the importance or prestige of the journals

where such citations come from It measures the scientific influence of

the average article in a journal, it expresses how central to the global

scientific discussion an average article of the journal is.

Year SJR

1999 0.962

Total Documents

Evolution of the number of published documents. All types of

documents are considered, including citable and non citable

documents.

Year Documents

1999 85

2000 84

2001 91

2002 82

2003 73

External Cites per Doc  Cites per Doc

Evolution of the number of total citation per document and external

citation per document (i.e. journal self-citations removed) received by

a journal's published documents during the three previous years.

External citations are calculated by subtracting the number of self-

citations from the total number of citations received by the journal’s

documents.

Cites Year Value

External Cites per document 1999 0.475

External Cites per document 2000 0.496

E t l Cit d t 2001 0 460

% International Collaboration

International Collaboration accounts for the articles that have been

produced by researchers from several countries. The chart shows the

ratio of a journal's documents signed by researchers from more than

one country; that is including more than one country address.

Year International Collaboration

1999 24.71

2000 20.24

2001 29.67

2002 40.24

Cited documents  Uncited documents

Ratio of a journal's items, grouped in three years windows, that have

been cited at least once vs. those not cited during the following year.

Documents Year Value

Uncited documents 1999 177

Uncited documents 2000 183

Uncited documents 2001 172

Uncited documents 2002 170

Uncited documents 2003 150

Uncited documents 2004 149

% Female Authors

Evolution of the percentage of female authors.

Year Female Percent

1999 20.83

2000 10.94

2001 15.20

2002 22.69

2003 21.93

2004 20.59

2005 19.32

1999 2001 2003 2005 2007 2009 2011 2013 2015 2017 2019 2021 2023

Engineering (miscellaneous)

Mathematics (miscellaneous)

Clear filters

1 - Differential Equations and Dynamical
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75%
similarity

2 - Journal of Applied Analysis and
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74%
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1 year ago

How much time it will take for publication.

reply

Estimated APC
It estimates the article processing charges (APCs) a journal might

charge, based on its visibility, prestige, and impact as measured by the

SJR. It does not reflect the actual APC, but rather a calculated

approximation based on journal quality.

Year Est. APC (USD)

1999 3306

2000 3203

2001 3169

2002 3214

Estimated financial value
It represents the potential financial worth of a journal. It is obtained by

multiplying the journal's Estimated APC by the total number of citable

documents published over the past five years. This value reflects the

hypothetical revenue a journal could generate based on its estimated

publication costs and scholarly output.

Year Est. value (USD)

1999 280968

2000 541253

2001 823873

Total Cites  Self-Cites

Evolution of the total number of citations and journal's self-citations

received by a journal's published documents during the three previous

years.

Journal Self-citation is defined as the number of citation from a journal

citing article to articles published by the same journal.

Cites Year Value

Self Cites 1999 16

Self Cites 2000 12

S lf Cit 2001 13

Citations per document

This indicator counts the number of citations received by documents

from a journal and divides them by the total number of documents

published in that journal. The chart shows the evolution of the average

number of times documents published in a journal in the past two,

three and four years have been cited in the current year. The two years

line is equivalent to journal impact factor ™ (Thomson Reuters) metric.

Cites per document Year Value

Cites / Doc. (4 years) 1999 0.536

Cites / Doc. (4 years) 2000 0.511

Cites / Doc. (4 years) 2001 0.494

Cites / Doc. (4 years) 2002 0.606

Cites / Doc. (4 years) 2003 0.722

Cites / Doc. (4 years) 2004 0.676

Cites / Doc. (4 years) 2005 0.709

Cites / Doc. (4 years) 2006 0.717

Cites / Doc. (4 years) 2007 0.744

Cites / Doc. (4 years) 2008 0.818

Cites / Doc. (4 years) 2009 0.965

Cites / Doc. (4 years) 2010 0.966

Cites / Doc (4 years) 2011 0 969

Citable documents  Non-citable documents

Not every article in a journal is considered primary research and

therefore "citable", this chart shows the ratio of a journal's articles

including substantial research (research articles, conference papers

and reviews) in three year windows vs. those documents other than

research articles, reviews and conference papers.

Documents Year Value

Non-citable documents 1999 0

Non-citable documents 2000 0

N it bl d t 2001 0

Documents cited by public policy (Overton)

Evolution of the number of documents cited by public policy

documents according to Overton database.

Documents Year Value

Overton 1999 1

Overton 2000 0

Overton 2001 0

Overton 2002 0

Overton 2003 0

Overton 2004 0

Documents related to SDGs (UN)

Evolution of the number of documents related to Sustainable

Development Goals defined by United Nations. Available from 2018

onwards.

Documents Year Value

SDG 2018 58

SDG 2019 37

SDG 2020 58

SDG 2021 68

SDG 2022 80
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Mathematical Methods in the Applied Sciences - Decision on Manuscript ID MMA-
25-38040.R1
1 ข้อความ

J. Vigo-Aguiar <onbehalfof@manuscriptcentral.com> 19 มกราคม 2569 เวลา 16:57
ตอบกลับไปยัง: jvigo@usal.es
ถึง: nuttapol.pak@pcru.ac.th, nuttapol.pakka@gmail.com
สำเนา: hrehman@zjnu.edu.cn, nattawut_math@hotmail.com, nuttapol.pak@pcru.ac.th, nuttapol.pakka@gmail.com

Dear Dr. Pakkaranang

Thank you for your manuscript entitled

Golden Ratio-Inspired Subgradient Extragradient Algorithms with Increasing Self-Adaptive Step Sizes for Solving
Equilibrium Problems and Applications to Image Restoration

Your paper is accepted for publication in the MMAS and has been sent to the publisher.

Please note although the manuscript is accepted the files will now be checked to ensure that everything is ready for
publication, and you may be contacted if final versions of files for publication are required.

Your paper cannot be published until the publisher has received the appropriate signed license agreement. Within the
next few days the corresponding author will receive an email from Wiley’s Author Services system which will ask them
to log in and will present them with the appropriate license for completion.

This journal offers a number of license options, information about this is available here: https://authorservices.wiley.
com/author-resources/Journal-Authors/licensing/index.html. All co-authors are required to confirm that they have the
necessary rights to grant in the submission, including in light of each co-author’s funder policies. For example, if you
or one of your co-authors received funding from a member of Coalition S, you may need to check which licenses you
are able to sign.

Sincerely yours,

Dr. J. Vigo-Aguiar
Mathematical Methods in the Applied Sciences
jvigo@usal.es

P.S. We believe your images might be appropriate for use on the cover of the journal. This is an optional, premium
service that aims to increase exposure and showcase your research through a different medium. The cost of this
service is $1440 for a front cover, which will be charged to you if your Cover Image is selected to be featured. If you
would like to submit images from your paper, or an alternative original image related to the work, please email your
suggestions to covers@wiley.com for consideration. Please see our Cover Image FAQ https://authorservices.wiley.
com/author-resources/Journal-Authors/Promotion/journal-cover-image.html for details on Cover Image preparation
and submission. Waivers and discounts are available, following the Wiley Open Access guidelines based on authors’
location: https://authorservices.wiley.com/open-science/open-access/for-authors/waivers-and-discounts.html.

P.P.S. You can help your research get the attention it deserves! Check out Wiley’s Promotion Guide for best-practice
recommendations for promoting your work at www.wileyauthors.com/maximize.

Dr.Nuttapol Pakkaranang
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ABSTRACT

Equilibrium problems (EPs) provide a unified mathematical framework encompassing a broad class of models in

optimization, variational inequalities, game theory, and applied sciences. In this paper, we propose two novel sub-

gradient extragradient algorithms inspired by the golden ratio technique (GRT) for solving EPs in real Hilbert spaces.

Both algorithms employ computationally efficient projections onto suitably constructed half-spaces rather than full

projections onto the feasible set, thereby reducing the per-iteration computational cost. A key feature of our schemes

is a self-adaptive step-size rule with increasing behavior, which updates the step sizes dynamically without requir-

ing any prior knowledge of Lipschitz-type constants. The first algorithm integrates golden-ratio-based extrapolation

with subgradient projection steps, while the second incorporates an alternating extrapolation mechanism to further

enhance numerical stability and efficiency. Under standard assumptions, we establish weak convergence of the gen-

erated sequences to a solution of the EP, and we additionally prove 𝑅-linear convergence under stronger conditions.

Extensive numerical experiments, including applications to image restoration, confirm that the proposed methods

consistently outperform several existing extragradient-type algorithms in terms of convergence speed, accuracy, and

stability.

MSC2020 Classification: 65J15, 47H05, 47J20, 47J25, 90C25

1 | Introduction

The development of efficient and robust iterative methods for solving equilibrium problems remains a central theme in
nonlinear analysis and optimization. The study of equilibrium problems (EPs) has received significant attention owing
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to their ability to unify and generalize a broad range of mathematical models, including those arising in optimization,
variational inequalities, complementarity problems, and game theory.

Formally, let be a real Hilbert space equipped with the inner product ⟨⋅, ⋅⟩ and the induced norm || ⋅ ||. Let  ⊆  be a
nonempty, closed, and convex set. Given a bifunction ∶  × → ℝ satisfying (𝑥, 𝑥) = 0 for all 𝑥 ∈ , the equilibrium
problem is to determine a point 𝑥∗ ∈  such that

 (𝑥∗, 𝑥) ≥ 0, ∀ 𝑥 ∈ . (EP)

The formulation (EP) encompasses a wide class of models. For instance, when  (𝑥, 𝑦) = ⟨(𝑥), 𝑦 − 𝑥⟩ for a monotone
operator , one recovers the classical variational inequality problem (VIP). Likewise, when  (𝑥, 𝑦) = 𝑓 (𝑦) − 𝑓 (𝑥) for a
convex function 𝑓 , problem (EP) reduces to a standard convex optimization problem. Many models in economics and
applied sciences can also be reformulated as equilibrium problems, including Nash equilibrium models in noncoopera-
tive game theory, traffic and transportation equilibrium models, resource allocation, and market equilibrium problems.
Classical examples include Cournot’s model of oligopolistic competition [1], the Arrow–Debreu general equilibrium the-
ory [2], and Nash’s characterization of strategic equilibria [3]. The extensive applicability of EPs hasmotivated substantial
research from both theoretical and computational perspectives; see, for example, [4–9].

Given their importance, various iterative methods have been proposed to solve (EP). These approaches can generally be
classified into two main categories:

i. direct methods, which reformulate the problem as a fixed-point equation, and

ii. indirect methods, which employ projection- or penalty-based iterative approximation schemes.

Among these, the extragradient-type algorithms have emerged as particularly effective. Originally introduced by Korpele-
vich [10] for variational inequalities, the extragradient method was later extended to EPs by Flåm and Antipin [11] and
by Tran et al. [12]. This method employs two projection steps per iteration, which considerably enhance convergence
properties compared with classical projection algorithms.

More precisely, given an initial point 𝑥0 ∈  and a stepsize 𝜆 > 0, the classical extragradient method generates sequences
{𝑥𝑘} and {𝑦𝑘} according to

⎧
⎪⎨⎪⎩

𝑦𝑘 = argmin
𝑥∈

{
𝜆  (𝑥𝑘, 𝑥) +

1

2
||𝑥 − 𝑥𝑘||2

}
,

𝑥𝑘+1 = argmin
𝑥∈

{
𝜆  (𝑦𝑘, 𝑥) +

1

2
||𝑥 − 𝑥𝑘||2

}
.

(1)

The convergence of (1) typically requires pseudomonotonicity of  together with a Lipschitz-type condition [13].
Specifically, there exist constants 𝑐1, 𝑐2 > 0 such that

 (𝑥1, 𝑥3) ≤  (𝑥1, 𝑥2) +  (𝑥2, 𝑥3) + 𝑐1||𝑥1 − 𝑥2||2 + 𝑐2||𝑥2 − 𝑥3||2, ∀ 𝑥1, 𝑥2, 𝑥3 ∈ . (2)

Despite its broad applicability, the extragradient method faces two practical limitations:

i. it requires prior knowledge of the Lipschitz-type constants 𝑐1 and 𝑐2 to select an appropriate stepsize 𝜆, which is
often impractical; and

ii. in infinite-dimensional Hilbert spaces, the method guarantees only weak convergence and typically exhibits sublin-
ear convergence rates.

To address these limitations, substantial research has explored acceleration strategies. Among the most influential is the
inertial technique, first introduced byPolyak [14] through theheavy-ballmethod and later refined byNesterov [15]. Inertial
methods enhance convergence by incorporating momentum-like terms based on previous iterates. For a sequence {𝑥𝑘},
a typical inertial step takes the form

𝑥𝑘 + 𝜃𝑘(𝑥𝑘 − 𝑥𝑘−1),

where 𝜃𝑘 denotes the inertial parameter.
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Inertial strategies have been successfully integrated into numerous algorithms in optimization and fixed-point theory.
Within the context of EPs, inertial terms can substantially reduce both the iteration count and computational
cost (see, for example, [16–19]). Further developments are presented in [17, 19–29], with additional contributions
in [30–37].

A complementary and increasingly popular line of research is the golden ratio technique (GRT), introduced by Malitsky
[38]. The GRT provides an elegant extrapolation framework based on the golden ratio constant, allowing for larger step
sizes while preserving convergence. Following this development, several golden-ratio-based algorithms have been pro-
posed for EPs and related optimization models [39, 40]. These works demonstrate that carefully designed extrapolation
schemes can significantly improve numerical performance without compromising theoretical guarantees.

Another critical factor influencing algorithmic efficiency is the choice of stepsize. Classical approaches often employ
decreasing or pre-specified stepsize rules that ensure convergence butmay hinder practical performance. Recent advances
highlight the advantages of increasing self-adaptive stepsize strategies, in which the stepsize is updated dynamically using
local information rather than conservative global estimates. Such strategies eliminate the need for prior knowledge of
Lipschitz constants and often lead to faster and more stable convergence across a wide range of applications.

Motivated by these developments, we propose two new algorithms combining the strengths of the subgradient extragra-
dient method, the golden ratio technique, and an increasing self-adaptive stepsize rule. The first scheme, Algorithm 1,
employs golden-ratio extrapolation together with two resolvent-type steps, one performed on the feasible set  and the
other on a suitably constructed half-space. The second scheme, Algorithm 2, introduces an alternating extrapolation
strategy in which the golden-ratio update is applied at odd iterations, whereas even iterations rely directly on the cur-
rent iterate. In both methods, the stepsize is updated adaptively based on local information, allowing controlled increases
during the iterative process.

The main contributions of this paper are as follows:

• We introduce a self-adaptive two-subgradient extragradient method (Algorithm 1) that integrates golden-ratio extrap-
olation with two subgradient-based projection steps, achieving strong theoretical guarantees together with practical
computational efficiency.

• We propose an alternating self-adaptive two-subgradient extragradient method (Algorithm 2), which alternates
between golden-ratio extrapolation and direct updates, preserving Fejér monotonicity and enhancing numerical sta-
bility.

• Both algorithms incorporate a novel increasing self-adaptive stepsize rule that eliminates the need for prior knowl-
edge of Lipschitz constants, thereby extending applicability to large-scale and ill-conditioned problems.

• We establish weak convergence and 𝑅-linear convergence of the proposed algorithms under standard assumptions
and validate their efficiency through extensive numerical experiments, including applications to image restoration.
The results clearly demonstrate the superiority of the proposed methods in accuracy, stability, and computational
efficiency.

The remainder of the paper is organized as follows. Section 2 introduces essential preliminaries and technical tools.
Section 3 presents the proposed algorithms and their convergence analysis. Finally, Section 4 provides numerical experi-
ments illustrating the effectiveness of the methods and their application to image restoration.

2 | Preliminaries

This section reviews several fundamental concepts and results that will be used throughout the paper. We denote by
𝑥𝑘 ⇀ 𝑥 the weak convergence of a sequence {𝑥𝑘} to 𝑥, and by 𝑥𝑘 → 𝑥 the strong convergence of {𝑥𝑘} to 𝑥.

The normal cone to a convex set  ⊆  at a point 𝑥 ∈  is denoted by 𝑁(𝑥). For a convex function 𝑓 ∶  → ℝ, the
subdifferential of 𝑓 at 𝑥 ∈  is written as 𝜕𝑓 (𝑥). Themetric projection of 𝑥 ∈  onto  is defined by

𝑃(𝑥) ∶= argmin
𝑦∈ ||𝑥 − 𝑦||.
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The set of all weak cluster points of a sequence {𝑥𝑘} is denoted by

𝑤𝜔({𝑥𝑘}) ∶=
{
𝑥 ∈  ||| ∃ {𝑥𝑘𝑗} ⊂ {𝑥𝑘} such that 𝑥𝑘𝑗 ⇀ 𝑥

}
.

Lemma 2.1 ([41, 42]). Let  ⊂  be a nonempty, closed, and convex set, and let 𝑃 denote the metric projection. Then,
for all 𝑥, 𝑦 ∈  and 𝑤 ∈ , the following properties hold:

i. ||𝑃(𝑥) − 𝑃(𝑦)||2 ≤ ⟨𝑃(𝑥) − 𝑃(𝑦), 𝑥 − 𝑦⟩;
ii. 𝑧 = 𝑃(𝑥) if and only if 𝑧 ∈  and ⟨𝑥 − 𝑧, 𝑧 −𝑤⟩ ≥ 0 for all 𝑤 ∈ ;
iii. ||𝑃(𝑥) −𝑤||2 + ||𝑥 − 𝑃(𝑥)||2 ≤ ||𝑥 −𝑤||2;
iv. Let 𝑄 ∶= {𝑧 ∈ |⟨𝑦, 𝑧 − 𝑥⟩ ≤ 0} be a closed half-space with 𝑦 ≠ 0. Then, for any 𝑢 ∈ ,

𝑃𝑄(𝑢) = 𝑢 −max

{
0,

⟨𝑦, 𝑢 − 𝑥⟩
||𝑦||2

}
𝑦.

The following basic identities and inequalities hold for any 𝑥, 𝑦 ∈  and 𝑐 ∈ ℝ:

1. ||𝑥 + 𝑦||2 = ||𝑥||2 + 2⟨𝑥, 𝑦⟩ + ||𝑦||2;
2. ||𝑥 + 𝑦||2 ≤ ||𝑥||2 + 2⟨𝑦, 𝑥 + 𝑦⟩;
3. ||𝑐𝑥 + (1 − 𝑐)𝑦||2 = 𝑐||𝑥||2 + (1 − 𝑐)||𝑦||2 − 𝑐(1 − 𝑐)||𝑥 − 𝑦||2.

Definition 2.2 ([5, 43]). Let  ∶  × → ℝ be a bifunction defined on a nonempty subset  ⊆ . Let 𝜍 > 0 and
𝜂 > 0. Then  is said to be:

a. strongly monotone if
 (𝑥, 𝑦) +  (𝑦, 𝑥) ≤ −𝜍||𝑥 − 𝑦||2, ∀ 𝑥, 𝑦 ∈ ;

b. monotone if
 (𝑥, 𝑦) +  (𝑦, 𝑥) ≤ 0, ∀ 𝑥, 𝑦 ∈ ;

c. strongly pseudomonotone if

 (𝑥, 𝑦) ≥ 0 ⟹  (𝑦, 𝑥) ≤ −𝜂||𝑥 − 𝑦||2, ∀ 𝑥, 𝑦 ∈ ;
d. pseudomonotone if

 (𝑥, 𝑦) ≥ 0 ⟹  (𝑦, 𝑥) ≤ 0, ∀ 𝑥, 𝑦 ∈ .

The relationships among these notions can be summarized as follows:

(a) ⟹ (b) ⟹ (d), (a) ⟹ (c) ⟹ (d).

Lemma 2.3 ([44]). Let 𝑓 ∶  → ℝ be a lower semicontinuous convex function. A point 𝑥 ∈  is a minimizer of 𝑓 over
 if and only if

0 ∈ 𝜕𝑓 (𝑥) +𝑁(𝑥),

where 𝜕𝑓 (𝑥) denotes the subdifferential of 𝑓 at 𝑥, and𝑁(𝑥) is the normal cone to  at 𝑥.
Lemma 2.4 ([45]). Let {𝑎𝑘} and {𝑏𝑘} be sequences of nonnegative real numbers. If, for all 𝑘 ∈ ℕ,

𝑎𝑘+1 ≤ 𝑎𝑘 + 𝑏𝑘 and

+∞∑
𝑘=1

𝑏𝑘 < +∞,

then limit lim𝑘→+∞ 𝑎𝑘 exists.
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Lemma 2.5 ([39]). Let {𝑎𝑘}𝑘∈ℕ and {𝑏𝑘}𝑘∈ℕ be sequences of nonnegative real numbers satisfying

𝑎𝑘+1 ≤ 𝑎𝑘 − 𝑏𝑘, ∀ 𝑘 ≥ 𝑁,
for some nonnegative integer 𝑁 . Then the following statements hold:

i. lim𝑘→+∞ 𝑏𝑘 = 0;

ii. lim𝑘→+∞ 𝑎𝑘 exists and is finite.

Lemma 2.6 ([46]). Let  be a real Hilbert space, and let {𝑥𝑘} ⊂  be a sequence. Suppose there exists a nonempty,
closed set  ⊂  such that:

i. For every 𝑧 ∈ , the limit lim𝑘→+∞ ||𝑥𝑘 − 𝑧|| exists;
ii. Every weak cluster point of {𝑥𝑘} belongs to .

Then there exists 𝑧 ∈  such that 𝑥𝑘 ⇀ 𝑧.

3 | Main Results

In this section, we present new algorithms for solving the equilibrium problem defined in (EP). Starting from two initial
points 𝑥0, 𝑥1 ∈ , the algorithms generate a sequence {𝑥𝑘} according to the iterative procedures described in Algorithms
1 and 2.

Assumption 3.1. Throughout the analysis, the following conditions are assumed to hold:

F1.  (𝑥, 𝑥) = 0 for all 𝑥 ∈ .
F2. The solution set 𝐸𝑃 (, ) is nonempty.

F3. The bifunction  is pseudomonotone on .
F4. The bifunction  satisfies the Lipschitz-type condition

 (𝑥1, 𝑥3) ≤  (𝑥1, 𝑥2) +  (𝑥2, 𝑥3) + 𝑐1||𝑥1 − 𝑥2||2 + 𝑐2||𝑥2 − 𝑥3||2, ∀ 𝑥1, 𝑥2, 𝑥3 ∈ ,
for some constants 𝑐1, 𝑐2 > 0.

F5. For each fixed 𝑥 ∈ , the mapping
𝑦 ↦  (𝑥, 𝑦)

is convex, lower semicontinuous, and subdifferentiable on.

F6. For each fixed 𝑦 ∈ , the mapping
𝑥 ↦  (𝑥, 𝑦)

is sequentially weakly upper semicontinuous on; that is, if {𝑥𝑘} ⊂  converges weakly to 𝑥 ∈ , then

lim sup
𝑘→∞

 (𝑥𝑘, 𝑦) ≤  (𝑥, 𝑦).

We now present our first iterative scheme, which constitutes a central contribution of this work. The method integrates
the subgradient extragradient framework with golden-ratio-inspired extrapolation and a self-adaptive step-size strategy.
The combination of these components yields a robust and convergent algorithm. The detailed procedure is given in
Algorithm 1.

Remark 3.2. To enhance the flexibility of step-size adjustment, we refine the conventional self-adaptive update rule by
introducing two additional positive parameters, 𝜅1 and 𝜅2. When 𝜅1 = 𝜅2 = 1, the scheme reduces to the classical two-step
subgradient extragradient method. In the general case, choosing 𝜅1, 𝜅2 > 0 enables the step size to be adaptively tuned to
different problem settings, thereby facilitating faster convergence and improving computational efficiency.
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ALGORITHM 1 | Self-adaptive subgradient extragradient method.

1: Initialization:

• Choose initial points 𝑤0, 𝑥1 ∈ .

• Select parameters 𝜑 ∈ (1,+∞), 𝜅1, 𝜅2>0, 𝜆1>0, and 𝜇>0.

• Define the following sequences:
(i) {𝑝𝑘} ⊂ [0,+∞) with

∑∞

𝑘=1
𝑝𝑘< +∞;

(ii) {𝛿𝑘} ⊂ [1,+∞) with
∑∞

𝑘=1
(𝛿𝑘 − 1)< +∞;

(iii) {𝛼𝑘} ⊂ (0, 1).

2: for 𝑘 = 1, 2,… do
3: Step 1 (golden-ratio extrapolation and resolvent on ):

⎧⎪⎨⎪⎩

𝑤𝑘 =
𝜑 − 1

𝜑
𝑥𝑘 +

1

𝜑
𝑤𝑘−1,

𝑦𝑘 ∈ argmin
𝑦∈

{
𝜅1𝜆𝑘  (𝑤𝑘, 𝑦) +

1

2
‖𝑦 −𝑤𝑘‖2

}
.

4: Step 2 (half-space construction): Pick 𝜔𝑘 ∈ 𝜕2 (𝑤𝑘, 𝑦𝑘) such that 𝑤𝑘 − 𝜅1𝜆𝑘 𝜔𝑘 − 𝑦𝑘 ∈ 𝑁(𝑦𝑘), and define𝑘 ∶=
{
𝑧 ∈  || ⟨𝑤𝑘 − 𝜅1𝜆𝑘 𝜔𝑘 − 𝑦𝑘, 𝑧 − 𝑦𝑘⟩ ≤ 0

}
.

5: Step 3 (second projection step): 𝑧𝑘 = argmin𝑦∈𝑘

{
𝜅2𝜆𝑘  (𝑦𝑘, 𝑦) +

1

2
‖𝑤𝑘 − 𝑦‖2

}
.

6: Step 4 (convex combination update): 𝑥𝑘+1 = (1 − 𝛼𝑘)𝑤𝑘 + 𝛼𝑘 𝑧𝑘.

7: Step 5 (adaptive step-size update):

𝜆𝑘+1 =

⎧⎪⎨⎪⎩

max

{
𝛿𝑘𝜆𝑘 + 𝑝𝑘,

2𝜇
( (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘)

)
‖𝑤𝑘 − 𝑦𝑘‖2 + ‖𝑧𝑘 − 𝑦𝑘‖2

}
, if ‖𝑤𝑘 − 𝑦𝑘‖2 + ‖𝑧𝑘 − 𝑦𝑘‖2 > 0,

𝛿𝑘𝜆𝑘 + 𝑝𝑘, otherwise.

(3)

8: end for

Before proceeding to themain convergence analysis, we first examine the stepsize sequence {𝜆𝑘} generated by the adaptive
update rule (3). Establishing that {𝜆𝑘} is well-defined, bounded, monotone, and convergent is crucial for guaranteeing
both thewell-posedness and the practical implementability of the proposed algorithms. The following lemma summarizes
these properties and serves as a foundational step for the subsequent analysis.

Lemma 3.3. Suppose that the bifunction  ∶  × → ℝ is of Lipschitz-type with constants 𝑐1, 𝑐2 > 0. Let the sequence
of stepsizes {𝜆𝑘} be generated by the update rule (3) in Algorithm 1 (or equivalently by (51) in Algorithm 2).Then the following
statements hold:

a. The sequence {𝜆𝑘} is well-defined for all 𝑘 ≥ 1.

b. Set

𝛿 ∶=

∞∏
𝑗=1

𝛿𝑗 ∈ [1,+∞), 𝑃 ∶=

∞∑
𝑘=1

𝑝𝑘 < ∞, 𝐶 ∶= 2𝜇max{𝑐1, 𝑐2},

and define

Λ1 ∶= 𝛿 (𝜆1 + 𝑃 ), Λ2 ∶= 𝛿 (𝐶 + 𝑃 ), Λ ∶= max{Λ1,Λ2}.

Then 0 < 𝜆𝑘 ≤ Λ for all 𝑘 ≥ 1.

c. The sequence {𝜆𝑘} converges to a finite limit 𝜆∗ ∈ [𝜆1,Λ].

Proof. (a) Fix 𝑘 ≥ 1. If ||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2 > 0, then the denominator in the update rule is strictly positive. By the
Lipschitz-type property, the numerator

 (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘)
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is finite, and hence the quotient is well-defined and finite. Since 𝛿𝑘𝜆𝑘 + 𝑝𝑘 is also finite, their maximum is finite, which
ensures that 𝜆𝑘+1 is well-defined. If ||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2 = 0, the update reduces to 𝜆𝑘+1 = 𝛿𝑘𝜆𝑘 + 𝑝𝑘, which is again
finite. Therefore, {𝜆𝑘} is well-defined for all 𝑘 ≥ 1.

(b) From the Lipschitz-type condition we obtain, whenever ||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2 > 0,

 (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘)

||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
≤ max{𝑐1, 𝑐2},

hence

2𝜇
( (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘)

)
||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2

≤ 𝐶 ∶= 2𝜇max{𝑐1, 𝑐2}.

Consequently, in all cases,

𝜆𝑘+1 =

{
max{𝛿𝑘𝜆𝑘 + 𝑝𝑘, 𝑄𝑘}, if the denominator is positive,

𝛿𝑘𝜆𝑘 + 𝑝𝑘, otherwise,

where 𝑄𝑘 ≤ 𝐶 . Since 𝛿𝑘 ≥ 1 and 𝑝𝑘 ≥ 0, we have

𝜆𝑘+1 ≥ 𝛿𝑘𝜆𝑘 + 𝑝𝑘 ≥ 𝜆𝑘,
so {𝜆𝑘} is nondecreasing and 𝜆𝑘 ≥ 𝜆1 > 0 for all 𝑘.

To prove the uniform upper bound, we analyze the possible patterns of the update. There are two cases.

Case 1: For a given 𝑘 ≥ 1, the second term in the maximum of (3) is never selected for indices 1,… , 𝑘 − 1; that is, 𝜆𝑗+1 =
𝛿𝑗𝜆𝑗 + 𝑝𝑗 for all 𝑗 = 1,… , 𝑘 − 1. Then, by iterating this recursion, we obtain

𝜆𝑘 =

(
𝑘−1∏
𝑗=1

𝛿𝑗

)
𝜆1 +

𝑘−1∑
𝑖=1

(
𝑘−1∏
𝑗=𝑖+1

𝛿𝑗

)
𝑝𝑖 ≤ 𝛿 𝜆1 + 𝛿 𝑃 = Λ1,

since
∏𝑘−1

𝑗=𝑖+1𝛿𝑗 ≤ ∏∞

𝑗=1𝛿𝑗 = 𝛿 and
∑∞

𝑖=1𝑝𝑖 = 𝑃 .

Case 2: For this 𝑘, there exists at least one index 𝑗 ∈ {1,… , 𝑘 − 1} at which the second term in the maximum is selected.
Let 𝑚 be the largest such index, that is, the last index in {1,… , 𝑘 − 1} for which

𝜆𝑚+1 = max

{
𝛿𝑚𝜆𝑚 + 𝑝𝑚,

2𝜇( (𝑤𝑚, 𝑧𝑚) −  (𝑤𝑚, 𝑦𝑚) −  (𝑦𝑚, 𝑧𝑚))

||𝑤𝑚 − 𝑦𝑚||2 + ||𝑧𝑚 − 𝑦𝑚||2
}

is attained by the second term. Then 𝜆𝑚+1 ≤ 𝐶 . Moreover, by the choice of 𝑚, for all 𝑗 = 𝑚 + 1,… , 𝑘 − 1 the update uses
only the first term, that is, 𝜆𝑗+1 = 𝛿𝑗𝜆𝑗 + 𝑝𝑗 . Starting from index 𝑚 + 1, we can therefore write, for 𝑘 ≥ 𝑚 + 1,

𝜆𝑘 =

(
𝑘−1∏
𝑗=𝑚+1

𝛿𝑗

)
𝜆𝑚+1 +

𝑘−1∑
𝑖=𝑚+1

(
𝑘−1∏
𝑗=𝑖+1

𝛿𝑗

)
𝑝𝑖 ≤ 𝛿 𝜆𝑚+1 + 𝛿 𝑃 ≤ 𝛿 (𝐶 + 𝑃 ) = Λ2.

Combining both cases, we conclude that 𝜆𝑘 ≤ max{Λ1,Λ2} = Λ for all 𝑘 ≥ 1. Together with 𝜆𝑘 ≥ 𝜆1 > 0, this proves (b).

(c) Since {𝜆𝑘} is nondecreasing and bounded above by Λ, it converges by the Monotone Convergence Theorem. Its limit
𝜆∗ lies in [𝜆1,Λ], which completes the proof. ◽

Before establishing the convergence of the proposed algorithms, we first derive a fundamental inequality that char-
acterizes the descent behavior of the intermediate sequence {𝑧𝑘}. This inequality plays a central role in the con-
vergence analysis, as it provides a recursive estimate that links the iterates, the bifunction  , and the adaptive
step sizes.
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Lemma 3.4. Let {𝑥𝑘} be the sequence generated by Algorithm 1 with the adaptive step-size rule (3), and suppose that
Assumption 3.1 holds. Then, for any solution 𝑥∗ ∈ 𝐸𝑃 (, ) and all 𝑘 ≥ 1, the following inequality holds:

||𝑧𝑘 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 −

(
1 −

𝜅2

𝜅1

)
||𝑤𝑘 − 𝑧𝑘||2

−
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)
||𝑤𝑘 − 𝑦𝑘||2 −

𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)
||𝑧𝑘 − 𝑦𝑘||2. (4)

Proof. Here, 𝜕2 (𝑢, ⋅) denotes the subdifferential of the convex function 𝑣 ↦  (𝑢, 𝑣) (Assumption 3.1F5), and 𝑁(⋅)
denotes the normal cone to a closed convex set .
By Lemma 2.3, applied to the minimization in Step 3, there exist 𝜐 ∈ 𝜕2 (𝑦𝑘, 𝑧𝑘) and 𝜐 ∈ 𝑁𝑘

(𝑧𝑘) such that

𝜅2𝜆𝑘 𝜐 + 𝑧𝑘 −𝑤𝑘 + 𝜐 = 0. (5)

Taking the inner product of (5) with 𝑦 − 𝑧𝑘 and using ⟨𝜐, 𝑦 − 𝑧𝑘⟩ ≤ 0 for all 𝑦 ∈ 𝑘 yields

⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩ ≤ 𝜅2𝜆𝑘 ⟨𝜐, 𝑦 − 𝑧𝑘⟩, ∀ 𝑦 ∈ 𝑘. (6)

By the subgradient inequality for  (𝑦𝑘, ⋅),

 (𝑦𝑘, 𝑦) −  (𝑦𝑘, 𝑧𝑘) ≥ ⟨𝜐, 𝑦 − 𝑧𝑘⟩, ∀ 𝑦 ∈ . (7)

Combining expressions (6) and (7) gives

𝜅2𝜆𝑘
[ (𝑦𝑘, 𝑦) −  (𝑦𝑘, 𝑧𝑘)

] ≥ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩, ∀ 𝑦 ∈ 𝑘. (8)

By Step 2 of the algorithm, there exists 𝜔𝑘 ∈ 𝜕2 (𝑤𝑘, 𝑦𝑘) such that 𝑤𝑘 − 𝜅1𝜆𝑘𝜔𝑘 − 𝑦𝑘 ∈ 𝑁(𝑦𝑘). Since 𝑧𝑘 ∈ 𝑘,
we obtain

⟨𝑤𝑘 − 𝑦𝑘, 𝑧𝑘 − 𝑦𝑘⟩ ≤ 𝜅1𝜆𝑘 ⟨𝜔𝑘, 𝑧𝑘 − 𝑦𝑘⟩. (9)

By the subgradient inequality for  (𝑤𝑘, ⋅),

 (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) ≥ ⟨𝜔𝑘, 𝑧𝑘 − 𝑦𝑘⟩, (10)

and hence

𝜅1𝜆𝑘
[ (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘)

] ≥ ⟨𝑤𝑘 − 𝑦𝑘, 𝑧𝑘 − 𝑦𝑘⟩. (11)

Taking 𝑦 = 𝑥∗ in (8) and applying Assumption 3.1 F3 with 𝑥∗ ∈ 𝐸𝑃 (, ) gives  (𝑦𝑘, 𝑥
∗) ≤ 0, hence

⟨𝑤𝑘 − 𝑧𝑘, 𝑧𝑘 − 𝑥
∗⟩ ≥ 𝜅2𝜆𝑘  (𝑦𝑘, 𝑧𝑘). (12)

From (3), whenever ||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2 > 0, we have

𝜆𝑘+1 ≥ 2𝜇
( (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘)

)
||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2

,

or equivalently,

 (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘) ≤ 𝜆𝑘+1

2𝜇

(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (13)

Multiplying (13) by 𝜅2𝜆𝑘 and rearranging yields

𝜅2𝜆𝑘  (𝑦𝑘, 𝑧𝑘) ≥ 𝜅2𝜆𝑘  (𝑤𝑘, 𝑧𝑘) − 𝜅2𝜆𝑘  (𝑤𝑘, 𝑦𝑘) −
𝜅2𝜆𝑘𝜆𝑘+1

2𝜇

(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (14)
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Combining (12–14) with (11) gives

⟨𝑤𝑘 − 𝑧𝑘, 𝑧𝑘 − 𝑥
∗⟩ ≥ 𝜅2

𝜅1
⟨𝑤𝑘 − 𝑦𝑘, 𝑧𝑘 − 𝑦𝑘⟩ −

𝜅2𝜆𝑘𝜆𝑘+1

2𝜇

(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
.

Using the Hilbert space identities

2⟨𝑤𝑘 − 𝑧𝑘, 𝑧𝑘 − 𝑥
∗⟩ = ||𝑤𝑘 − 𝑥

∗||2 − ||𝑤𝑘 − 𝑧𝑘||2 − ||𝑧𝑘 − 𝑥∗||2,

and
2⟨𝑤𝑘 − 𝑦𝑘, 𝑧𝑘 − 𝑦𝑘⟩ = ||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2 − ||𝑤𝑘 − 𝑧𝑘||2,

multiplying the previous inequality by 2 and rearranging yields (4).

If ||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2 = 0, then 𝑤𝑘 = 𝑦𝑘 = 𝑧𝑘 and (4) holds trivially. ◽

Remark 3.5. For Fejér-type convergence arguments, it is convenient that the coefficients of the squared norms in (4)
are nonnegative. This is ensured by assuming 𝜅2 ≤ 𝜅1 and, additionally,

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 ≤ 1.

Theorem 3.6 (Weak convergence of Algorithm 1). Let  be a real Hilbert space, and let  ⊂  be a nonempty,
closed, and convex subset. Suppose that the bifunction  ∶  × → ℝ satisfies Assumption 3.1 (i.e., conditions (F1–F5)),
and that the control parameters fulfill the following requirements:

a. The sequence of stepsizes {𝜆𝑘} generated by Algorithm 1 satisfies

0 < 𝜆1 ≤ 𝜆𝑘 ≤ Λ < ∞, lim
𝑘→∞

𝜆𝑘 = 𝜆∗,

for some constant Λ > 0.

b. The following control conditions are imposed:

𝜅2 ≤ 𝜅1, (ensures a nonnegative coefficient in front of ||𝑤𝑘 − 𝑧𝑘||2), (C1)

𝜇 > 𝜅1Λ
2. (C2)

c. There exist constants 0 < 𝛼 ≤ 𝛼 < 1 such that

𝛼 ≤ 𝛼𝑘 ≤ 𝛼, ∀𝑘 ∈ ℕ.

Then the sequence {𝑥𝑘} generated by Algorithm 1 converges weakly to some 𝑥∗ ∈ 𝐸𝑃 (, ).

Proof. We divide the proof into two parts.

(Part A) Fejér-type inequality and vanishing residuals.

By Lemma 3.4, for every 𝑥∗ ∈ 𝐸𝑃 (, ), we have

||𝑧𝑘 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 −

(
1 −

𝜅2

𝜅1

)
||𝑤𝑘 − 𝑧𝑘||2

−
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (15)

From the convex combination update in Algorithm 1,

𝑥𝑘+1 = (1 − 𝛼𝑘) 𝑤𝑘 + 𝛼𝑘 𝑧𝑘,
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the standard identity ||(1 − 𝛼)𝑎 + 𝛼𝑏||2 = (1 − 𝛼)||𝑎||2 + 𝛼||𝑏||2 − 𝛼(1 − 𝛼)||𝑎 − 𝑏||2 gives

||𝑥𝑘+1 − 𝑥∗||2 = ‖‖‖(1 − 𝛼𝑘)(𝑤𝑘 − 𝑥
∗) + 𝛼𝑘(𝑧𝑘 − 𝑥

∗)
‖‖‖
2

= (1 − 𝛼𝑘)||𝑤𝑘 − 𝑥
∗||2 + 𝛼𝑘||𝑧𝑘 − 𝑥∗||2 − 𝛼𝑘(1 − 𝛼𝑘)||𝑤𝑘 − 𝑧𝑘||2. (16)

Substituting (15) into (16) yields

||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 −

[
𝛼𝑘

(
1 −

𝜅2

𝜅1

)
+ 𝛼𝑘(1 − 𝛼𝑘)

]
||𝑤𝑘 − 𝑧𝑘||2

− 𝛼𝑘
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (17)

Define

𝐷𝑘 ∶=

[
𝛼𝑘

(
1 −

𝜅2

𝜅1

)
+ 𝛼𝑘(1 − 𝛼𝑘)

]
||𝑤𝑘 − 𝑧𝑘||2

+ 𝛼𝑘
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (18)

By (C1),𝜅2 ≤ 𝜅1 and 0 < 𝛼𝑘 < 1, hence 𝛼𝑘

(
1 −

𝜅2

𝜅1

)
+ 𝛼𝑘(1 − 𝛼𝑘) = 𝛼𝑘

(
2 − 𝛼𝑘 −

𝜅2

𝜅1

)
> 0.Moreover, by (C2) and (a),wehave

𝜆𝑘𝜆𝑘+1 ≤ Λ2 <
𝜇

𝜅1
⇒ 1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 > 0, so the second coefficient in (18) is also nonnegative. Therefore,𝐷𝑘 ≥ 0, ∀𝑘 ∈ ℕ.

Consequently, for all 𝑘 ≥ 1,
||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥

∗||2 −𝐷𝑘. (19)

From the golden-ratio extrapolation step,

𝑤𝑘 =
𝜑 − 1

𝜑
𝑥𝑘 +

1

𝜑
𝑤𝑘−1, (𝜑 > 1),

we obtain the identity

||𝑤𝑘 − 𝑥
∗||2 = 𝜑 − 1

𝜑
||𝑥𝑘 − 𝑥∗||2 + 1

𝜑
||𝑤𝑘−1 − 𝑥

∗||2 − 𝜑 − 1

𝜑2
||𝑥𝑘 −𝑤𝑘−1||2. (20)

Set 𝜙 ∶= 𝜑, and introduce the Lyapunov functional

Ψ𝑘 ∶= ||𝑥𝑘 − 𝑥∗||2 + 1

𝜙 − 1
||𝑤𝑘−1 − 𝑥

∗||2, 𝑘 ≥ 1. (21)

Combining (19) and (20), we obtain

Ψ𝑘+1 ≤ Ψ𝑘 −
1

𝜙
||𝑥𝑘 −𝑤𝑘−1||2 −𝐷𝑘. (22)

Since Ψ𝑘 ≥ 0 and 𝐷𝑘 ≥ 0 for all 𝑘, the sequence {Ψ𝑘} is nonincreasing and bounded below, and therefore convergent.
Summing (22) over 𝑘 yields

∞∑
𝑘=1

(
1

𝜙
||𝑥𝑘 −𝑤𝑘−1||2 +𝐷𝑘

)
< ∞.

Hence,
||𝑥𝑘 −𝑤𝑘−1|| → 0, 𝐷𝑘 → 0 as 𝑘 → ∞. (23)

From the definition of𝐷𝑘 in (18) and the fact that both coefficients are strictly positive, it follows that

||𝑤𝑘 − 𝑧𝑘|| → 0, ||𝑤𝑘 − 𝑦𝑘|| → 0, ||𝑧𝑘 − 𝑦𝑘|| → 0, (24)

as 𝑘 → ∞.

Thus, Part A establishes a Fejér-type inequality together with the asymptotic vanishing of the key residual terms.
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(Part B) Opial’s conditions and identification of weak cluster points.

(O1) Existence of the limit of the distance to every solution. Fix an arbitrary 𝑥∗ ∈ 𝐸𝑃 (, ). From (22), {Ψ𝑘} is nonin-
creasing and bounded below, hence there exists Ψ∗ ≥ 0 such that Ψ𝑘 → Ψ∗ as 𝑘 → ∞. Moreover,

∞∑
𝑘=1

(
1

𝜙
||𝑥𝑘 −𝑤𝑘−1||2 +𝐷𝑘

)
<∞

implies again

||𝑥𝑘 −𝑤𝑘−1|| → 0, 𝐷𝑘 → 0. (25)

Using the golden-ratio relations

𝑤𝑘 −𝑤𝑘−1 =
𝜙 − 1

𝜙
(𝑥𝑘 −𝑤𝑘−1), 𝑥𝑘 −𝑤𝑘 =

1

𝜙 − 1
(𝑤𝑘 −𝑤𝑘−1),

we further deduce

||𝑤𝑘 −𝑤𝑘−1|| → 0, ||𝑥𝑘 −𝑤𝑘|| → 0. (26)

Consequently, |||||𝑤𝑘 − 𝑥
∗||2 − ||𝑥𝑘 − 𝑥∗||2||| ≤

(||𝑤𝑘 − 𝑥
∗|| + ||𝑥𝑘 − 𝑥∗||

) ||𝑤𝑘 − 𝑥𝑘|| → 0. (27)

Since

Ψ𝑘 = ||𝑥𝑘 − 𝑥∗||2 + 1

𝜙 − 1
||𝑤𝑘−1 − 𝑥

∗||2

converges and

||𝑤𝑘−1 − 𝑥
∗||2 − ||𝑥𝑘−1 − 𝑥∗||2 → 0

by (27), it follows that the sequence {||𝑥𝑘 − 𝑥∗||} has a limit for every 𝑥∗ ∈ 𝐸𝑃 (, ). Moreover, since

||𝑥𝑘 − 𝑥∗||2 ≤ Ψ𝑘 ≤ Ψ1,

the sequence {𝑥𝑘} is bounded. This establishes Opial’s condition (O1) and the boundedness required for Opial’s lemma.

(O2) Every weak cluster point is a solution. Let 𝑥̂ be a weak cluster point of {𝑥𝑘}, and consider a subsequence {𝑥𝑘𝑗} with

𝑥𝑘𝑗 ⇀ 𝑥̂. From (24) and (26), we obtain

||𝑥𝑘𝑗 −𝑤𝑘𝑗
|| → 0, ||𝑤𝑘𝑗

− 𝑦𝑘𝑗 || → 0, ||𝑤𝑘𝑗
− 𝑧𝑘𝑗 || → 0,

which implies 𝑤𝑘𝑗
⇀ 𝑥̂ and, consequently,

𝑦𝑘𝑗 ⇀ 𝑥̂, 𝑧𝑘𝑗 ⇀ 𝑥̂. (28)

Since 𝑦𝑘𝑗 , 𝑧𝑘𝑗 ∈  and  is weakly closed, it follows that 𝑥̂ ∈ . From the half-space optimality condition (see (8)) and the

inclusion  ⊆ 𝑘, we obtain, for all 𝑦 ∈ ,
𝜅2𝜆𝑘

[ (𝑦𝑘, 𝑦) −  (𝑦𝑘, 𝑧𝑘)
] ≥ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩. (29)

Using Lemma 3.4 (in particular, inequalities analogous to (12–14)) and the definition of𝐷𝑘, we can bound  (𝑦𝑘, 𝑧𝑘) from
below to obtain

𝜅2𝜆𝑘  (𝑦𝑘, 𝑦) ≥ 𝜅2𝜆𝑘  (𝑤𝑘, 𝑧𝑘) − 𝜅2𝜆𝑘  (𝑤𝑘, 𝑦𝑘) −
𝜅2𝜆𝑘𝜆𝑘+1

2𝜇

(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)

+ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩
≥ 𝜅2

𝜅1
⟨𝑤𝑘 − 𝑦𝑘, 𝑧𝑘 − 𝑦𝑘⟩ −

𝜅2𝜆𝑘𝜆𝑘+1

2𝜇

(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
+ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩. (30)

Mathematical Methods in the Applied Sciences, 2026 11

Dr.Nuttapol Pakkaranang



Passing to the subsequence 𝑘 = 𝑘𝑗 and using the vanishing residuals

||𝑤𝑘𝑗
− 𝑦𝑘𝑗 || → 0, ||𝑧𝑘𝑗 − 𝑦𝑘𝑗 || → 0, ||𝑤𝑘𝑗

− 𝑧𝑘𝑗 || → 0,

together with the boundedness of {𝑥𝑘𝑗}, the right-hand side of (30) tends to 0. Since 𝜆𝑘𝑗 ≥ 𝜆1 > 0, we conclude that

lim inf
𝑗→∞

 (𝑦𝑘𝑗 , 𝑦) ≥ 0, ∀ 𝑦 ∈ . (31)

By Assumption 3.1(F6) (sequential weak upper semicontinuity of the mapping 𝑥 ↦  (𝑥, 𝑦) for each fixed 𝑦), together
with 𝑦𝑘𝑗 ⇀ 𝑥̂ from (28), we obtain

lim sup
𝑗→∞

 (𝑦𝑘𝑗 , 𝑦) ≤  (𝑥̂, 𝑦), ∀ 𝑦 ∈ . (32)

Combining (31) and (32), we deduce that  (𝑥̂, 𝑦) ≥ 0 for all 𝑦 ∈ , and hence 𝑥̂ ∈ 𝐸𝑃 (, ). This establishes Opial’s
condition (O2).

We have thus verified both conditions (O1) and (O2) of Opial’s lemma, and shown that {𝑥𝑘} is bounded. Therefore, by
Opial’s lemma, the sequence {𝑥𝑘} converges weakly to some 𝑥

∗ ∈ 𝐸𝑃 (, ), which completes the proof. ◽

Next, we establish the 𝑅-linear convergence of the sequence generated by Algorithm 1 under suitable conditions.

Lemma 3.7 (𝑅-linear convergence). Let {𝑥𝑘} be the sequence generated byAlgorithm1, and suppose thatAssumption
3.1 holds. Assume further that:

a. The stepsizes {𝜆𝑘} satisfy

0 < 𝜆1 ≤ 𝜆𝑘 ≤ Λ < +∞, 𝜆𝑘 → 𝜆∗ > 0,

for some constant Λ > 0.

b. The control parameters satisfy

𝜅2 ≤ 𝜅1 and 𝜇 > 𝜅1Λ
2.

c. There exist constants 0 < 𝛼 ≤ 𝛼 < 1 such that

𝛼 ≤ 𝛼𝑘 ≤ 𝛼, ∀𝑘 ∈ ℕ.

d. The bifunction  is 𝜂-strongly pseudomonotone on  with parameter 𝜂 > 0 (see Definition 2.2c).

Then the equilibrium problem 𝐸𝑃 ( ,) has a unique solution 𝑥∗ ∈ , and the sequence {𝑥𝑘} converges 𝑅-linearly to 𝑥∗.
Proof. Let 𝑥1, 𝑥2 ∈ 𝐸𝑃 ( ,). Then  (𝑥1, 𝑥2) ≥ 0 and  (𝑥2, 𝑥1) ≥ 0. Since  is 𝜂-strongly pseudomonotone, from
 (𝑥1, 𝑥2) ≥ 0 we obtain

 (𝑥2, 𝑥1) ≤ −𝜂||𝑥2 − 𝑥1||2.

Combining with  (𝑥2, 𝑥1) ≥ 0 yields ||𝑥2 − 𝑥1|| = 0, hence 𝑥1 = 𝑥2. Thus 𝐸𝑃 ( ,) = {𝑥∗} is a singleton.

By strong pseudomonotonicity (Definition 2.2c), we have

 (𝑥∗, 𝑦𝑘) ≥ 0 ⟹  (𝑦𝑘, 𝑥
∗) ≤ − 𝜂 ||𝑦𝑘 − 𝑥∗||2, ∀ 𝑦𝑘 ∈ . (33)

Since 𝑥∗ ∈ 𝐸𝑃 ( ,), we have  (𝑥∗, 𝑦𝑘) ≥ 0 for all 𝑦𝑘 ∈ . Thus
 (𝑦𝑘, 𝑥

∗) ≤ − 𝜂 ||𝑦𝑘 − 𝑥∗||2. (34)

From (8) (half-space optimality condition in Lemma 3.4), we have

𝜅2𝜆𝑘
[ (𝑦𝑘, 𝑦) −  (𝑦𝑘, 𝑧𝑘)

] ≥ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩, ∀ 𝑦 ∈ 𝑘. (35)
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Since  ⊆ 𝑘 (supporting half-space construction) and 𝑥
∗ ∈ , we can take 𝑦 = 𝑥∗ in (35) and obtain

𝜅2𝜆𝑘
[ (𝑦𝑘, 𝑥

∗) −  (𝑦𝑘, 𝑧𝑘)
] ≥ ⟨𝑤𝑘 − 𝑧𝑘, 𝑥

∗ − 𝑧𝑘⟩.
Equivalently,

⟨𝑤𝑘 − 𝑧𝑘, 𝑧𝑘 − 𝑥
∗⟩ ≥ 𝜅2𝜆𝑘[ (𝑦𝑘, 𝑧𝑘) −  (𝑦𝑘, 𝑥

∗)
]
.

Using (34), we get
⟨𝑤𝑘 − 𝑧𝑘, 𝑧𝑘 − 𝑥

∗⟩ ≥ 𝜅2𝜆𝑘( (𝑦𝑘, 𝑧𝑘) + 𝜂 ||𝑦𝑘 − 𝑥∗||2
)
. (36)

Repeating the derivation in Lemma 3.4 but now keeping the extra term 𝜂||𝑦𝑘 − 𝑥∗||2 from (36), and using the stepsize
bound from (13), one obtains (instead of (4)) the refined inequality

||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 − 𝛼𝑘

(
1 −

𝜅2

𝜅1

)
||𝑤𝑘 − 𝑧𝑘||2

− 𝛼𝑘
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
− 2𝜅2𝜂𝜆𝑘||𝑦𝑘 − 𝑥∗||2. (37)

Using 𝜇 > 𝜅1Λ
2 and 𝜆𝑘𝜆𝑘+1 ≤ Λ2, we have

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 ≤ 𝜅1Λ

2

𝜇
< 1, (38)

and hence
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 > 0. (39)

Together with 𝜅2 ≤ 𝜅1 and 0 < 𝛼 ≤ 𝛼𝑘 ≤ 𝛼 < 1, this ensures that all coefficients in front of the squared norms in (37) are
nonnegative. Discarding the nonpositive term involving ||𝑤𝑘 − 𝑧𝑘||2 (to simplify), we obtain

||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 − 𝛼𝑘

𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)
||𝑤𝑘 − 𝑦𝑘||2

− 2𝜅2𝜂𝜆𝑘||𝑦𝑘 − 𝑥∗||2. (40)

Define

𝐴𝑘 ≜ 𝛼𝑘
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)
, 𝐵𝑘 ≜ 2𝜅2𝜂𝜆𝑘,

so that
||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥

∗||2 − 𝐴𝑘 ||𝑤𝑘 − 𝑦𝑘||2 − 𝐵𝑘 ||𝑦𝑘 − 𝑥∗||2. (41)

Since 𝜆𝑘 → 𝜆∗ > 0 and 𝜇 > 𝜅1Λ
2, we have

Υ𝑘 ≜ 1 −
𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 → Υ∞ ≜ 1 −

𝜅1

𝜇
𝜆2
∗
> 0.

Thus there exists 𝑘0 ∈ ℕ and positive constants

Υ ∈ (0,Υ∞], 𝜆 ∈ (0, 𝜆∗],

such that, for all 𝑘 ≥ 𝑘0,
Υ𝑘 ≥ Υ, 𝜆𝑘 ≥ 𝜆.

Using 𝛼𝑘 ≥ 𝛼, we obtain
𝐴𝑘 ≥ 𝛼 𝜅2

𝜅1
Υ ≜ 𝐴0 > 0, 𝐵𝑘 ≥ 2𝜅2𝜂 𝜆 ≜ 𝐵0 > 0, ∀𝑘 ≥ 𝑘0. (42)

Using the basic Hilbert space inequality ||𝑢||2 + ||𝑣||2 ≥ 1

2
||𝑢 + 𝑣||2, ∀ 𝑢, 𝑣 ∈ , with 𝑢 = 𝑤𝑘 − 𝑦𝑘 and 𝑣 = 𝑦𝑘 − 𝑥

∗, we get

||𝑤𝑘 − 𝑦𝑘||2 + ||𝑦𝑘 − 𝑥∗||2 ≥ 1

2
||𝑤𝑘 − 𝑥

∗||2. (43)
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Combining (41), (42) and (43), for all 𝑘 ≥ 𝑘0 we obtain
||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥

∗||2 −min{𝐴𝑘, 𝐵𝑘}
(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑦𝑘 − 𝑥∗||2

)

≤ (
1 −

1

2
min{𝐴0, 𝐵0}

)
||𝑤𝑘 − 𝑥

∗||2. (44)

Define the contraction factor

𝜌2 ≜ 1 −
1

2
min{𝐴0, 𝐵0} ∈ (0, 1),

so that
||𝑥𝑘+1 − 𝑥∗||2 ≤ 𝜌2 ||𝑤𝑘 − 𝑥

∗||2, ∀ 𝑘 ≥ 𝑘0. (45)

Now use the golden-ratio extrapolation relation for 𝑤𝑘+1:

𝑤𝑘+1 =
𝜑 − 1

𝜑
𝑥𝑘+1 +

1

𝜑
𝑤𝑘, 𝜑 > 1.

Applying the same identity as in (20) and dropping the negative term, we obtain

𝜑

𝜑 − 1
||𝑤𝑘+1 − 𝑥

∗||2 ≤ ||𝑥𝑘+1 − 𝑥∗||2 + 1

𝜑 − 1
||𝑤𝑘 − 𝑥

∗||2. (46)

Combining (45) and (46), for all 𝑘 ≥ 𝑘0 we have
𝜑

𝜑 − 1
||𝑤𝑘+1 − 𝑥

∗||2 ≤ 𝜌2 ||𝑤𝑘 − 𝑥
∗||2 + 1

𝜑 − 1
||𝑤𝑘 − 𝑥

∗||2

=

(
𝜌2 +

1

𝜑 − 1

)
||𝑤𝑘 − 𝑥

∗||2. (47)

Hence,

||𝑤𝑘+1 − 𝑥
∗||2 ≤ 𝛿2 ||𝑤𝑘 − 𝑥

∗||2, ∀ 𝑘 ≥ 𝑘0, (48)

where

𝛿2 ≜ 𝜌2 +
1

𝜑−1

𝜑𝜑 − 1
=

(𝜑 − 1)𝜌2 + 1

𝜑
, 𝛿 ∈ (0, 1).

By induction, for all 𝑘 ≥ 𝑘0,
||𝑤𝑘+1 − 𝑥

∗||2 ≤ 𝛿 2[(𝑘+1)−𝑘0] ||𝑤𝑘0
− 𝑥∗||2. (49)

Finally, combining (45) with (49), we obtain

||𝑥𝑘+1 − 𝑥∗||2 ≤ 𝜌2 𝛿 2(𝑘−𝑘0) ||𝑤𝑘0
− 𝑥∗||2, ∀ 𝑘 ≥ 𝑘0. (50)

Taking the 𝑘-th root on both sides of (50) and passing to the limit gives

lim sup
𝑘→∞

||𝑥𝑘+1 − 𝑥∗||1∕𝑘 ≤ 𝛿 < 1,

which shows that {𝑥𝑘} converges 𝑅-linearly to 𝑥
∗. ◽

In addition toAlgorithm 1,we propose an alternative scheme that simplifies the computational structurewhile preserving
convergence guarantees. The central idea is to alternate between a golden-ratio extrapolation step and a direct resolvent
step. The detailed procedure is presented in Algorithm 2.

Theorem 3.8 (Weak convergence of Algorithm 2). Let  be a real Hilbert space, and let  ⊂  be a nonempty,
closed, and convex set. Assume that the bifunction  ∶  × → ℝ satisfies Assumption 3.1, and that the control parameters
fulfill the following requirements:
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ALGORITHM 2 | Alternating self-adaptive subgradient extragradient method.

1: Initialization:

• Choose initial points 𝑤0, 𝑥1 ∈ .

• Select parameters 𝜑 ∈ (1,+∞), 𝜅1, 𝜅2 > 0, 𝜆1> 0, and 𝜇 > 0.

• Define the following sequences:
(i) {𝑝𝑘} ⊂ [0,+∞) with

∑∞

𝑘=1
𝑝𝑘 < +∞;

(ii) {𝛿𝑘} ⊂ [1,+∞) with
∑∞

𝑘=1
(𝛿𝑘 − 1) < +∞;

(iii) {𝛼𝑘} ⊂ (0, 1).

2: for 𝑘 = 1, 2,… do
3: Step 1 (alternating golden-ratio extrapolation and resolvent on ):

𝑤𝑘 =

⎧⎪⎨⎪⎩

𝜑 − 1

𝜑
𝑥𝑘 +

1

𝜑
𝑤𝑘−1, if 𝑘 is odd,

𝑥𝑘, if 𝑘 is even,
𝑦𝑘 ∈ argmin

𝑦∈
{
𝜅1𝜆𝑘  (𝑤𝑘, 𝑦) +

1

2
‖𝑦 −𝑤𝑘‖2

}
.

4: if 𝑤𝑘 = 𝑦𝑘 then
5: stop (under (F0)–(F5), 𝑤𝑘 ∈ EP(, )).
6: end if
7: Step 2 (half-space construction): Pick 𝜔𝑘 ∈ 𝜕2 (𝑤𝑘, 𝑦𝑘) such that 𝑤𝑘 − 𝜅1𝜆𝑘 𝜔𝑘 − 𝑦𝑘 ∈ 𝑁(𝑦𝑘), and define𝑘 ∶=

{
𝑧 ∈  || ⟨𝑤𝑘 − 𝜅1𝜆𝑘 𝜔𝑘 − 𝑦𝑘, 𝑧 − 𝑦𝑘⟩ ≤ 0

}
.

8: Step 3 (second projection step): 𝑧𝑘 = argmin𝑦∈𝑘

{
𝜅2𝜆𝑘  (𝑦𝑘, 𝑦) +

1

2
‖𝑤𝑘 − 𝑦‖2

}
.

9: Step 4 (convex combination update): 𝑥𝑘+1 = (1 − 𝛼𝑘)𝑤𝑘 + 𝛼𝑘 𝑧𝑘.

10: Step 5 (adaptive step-size update):

𝜆𝑘+1 =

⎧
⎪⎨⎪⎩

max

{
𝛿𝑘𝜆𝑘 + 𝑝𝑘,

2𝜇
( (𝑤𝑘, 𝑧𝑘) −  (𝑤𝑘, 𝑦𝑘) −  (𝑦𝑘, 𝑧𝑘)

)
‖𝑤𝑘 − 𝑦𝑘‖2 + ‖𝑧𝑘 − 𝑦𝑘‖2

}
, if ‖𝑤𝑘 − 𝑦𝑘‖2 + ‖𝑧𝑘 − 𝑦𝑘‖2 > 0,

𝛿𝑘𝜆𝑘 + 𝑝𝑘, otherwise.

(51)

11: end for

a. The sequence {𝜆𝑘} generated by Algorithm 2 satisfies

0 < 𝜆1 ≤ 𝜆𝑘 ≤ Λ < ∞, lim
𝑘→∞

𝜆𝑘 = 𝜆∗,

for some constant Λ > 0.

b. The following control conditions are imposed:

𝜅2 ≤ 𝜅1, (ensures nonnegativity of the coefficient of ||𝑤𝑘 − 𝑧𝑘||2), (C1′)

either 𝜇 > 𝜅1Λ
2 or lim sup

𝑘→∞

𝜆𝑘 <

√
𝜇

𝜅1
. (C2′)

c. There exist constants 0 < 𝛼 ≤ 𝛼 < 1 such that

𝛼 ≤ 𝛼𝑘 ≤ 𝛼, ∀ 𝑘 ∈ ℕ.

Then the sequence {𝑥𝑘} generated by Algorithm 2 converges weakly to some 𝑥∗ ∈ 𝐸𝑃 ( ,).
Proof. The proof follows the same pattern as Theorem 3.6, with an additional even/odd index decomposition.

Step 1: One-step Fejér-type inequality.
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As in Lemma 3.4, for every 𝑥∗ ∈ 𝐸𝑃 ( ,) and all 𝑘 ≥ 1, we have

||𝑧𝑘 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 −

(
1 −

𝜅2

𝜅1

)
||𝑤𝑘 − 𝑧𝑘||2

−
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (52)

Moreover, from the convex combination update,

𝑥𝑘+1 = (1 − 𝛼𝑘) 𝑤𝑘 + 𝛼𝑘 𝑧𝑘,

we obtain

||𝑥𝑘+1 − 𝑥∗||2 = (1 − 𝛼𝑘) ||𝑤𝑘 − 𝑥
∗||2 + 𝛼𝑘 ||𝑧𝑘 − 𝑥∗||2 − 𝛼𝑘(1 − 𝛼𝑘) ||𝑤𝑘 − 𝑧𝑘||2. (53)

Substituting (52) into (53) yields, for all 𝑘 ≥ 1,

||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 −

[
𝛼𝑘

(
1 −

𝜅2

𝜅1

)
+ 𝛼𝑘(1 − 𝛼𝑘)

]
||𝑤𝑘 − 𝑧𝑘||2

− 𝛼𝑘
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)
. (54)

Step 2: Even subsequence {𝑥2𝑚} and basic descent.

For even indices, Algorithm 2 gives 𝑤2𝑚 = 𝑥2𝑚. Specializing (54) to 𝑘 = 2𝑚 and using 𝑤2𝑚 = 𝑥2𝑚, we obtain

||𝑥2𝑚+1 − 𝑥∗||2 − ||𝑥2𝑚 − 𝑥∗||2 ≤ −

[
𝛼2𝑚

(
1 −

𝜅2

𝜅1

)
+ 𝛼2𝑚(1 − 𝛼2𝑚)

]
||𝑥2𝑚 − 𝑧2𝑚||2

− 𝛼2𝑚
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚𝜆2𝑚+1

)(||𝑥2𝑚 − 𝑦2𝑚||2 + ||𝑧2𝑚 − 𝑦2𝑚||2
)
. (55)

Define the nonnegative decrement

𝑆2𝑚 ∶=

[
𝛼2𝑚

(
1 −

𝜅2

𝜅1

)
+ 𝛼2𝑚(1 − 𝛼2𝑚)

]
||𝑥2𝑚 − 𝑧2𝑚||2

+ 𝛼2𝑚
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚𝜆2𝑚+1

)(||𝑥2𝑚 − 𝑦2𝑚||2 + ||𝑧2𝑚 − 𝑦2𝑚||2
) ≥ 0. (56)

Then (55) can be written as
||𝑥2𝑚+1 − 𝑥∗||2 − ||𝑥2𝑚 − 𝑥∗||2 ≤ − 𝑆2𝑚 ≤ 0, 𝑚 ≥ 1. (57)

Step 3: Odd indices and a two-step descent for {𝑥2𝑚}.

For odd indices 𝑘 = 2𝑚 + 1, Algorithm 2 gives

𝑤2𝑚+1 =
𝜑 − 1

𝜑
𝑥2𝑚+1 +

1

𝜑
𝑤2𝑚 =

𝜑 − 1

𝜑
𝑥2𝑚+1 +

1

𝜑
𝑥2𝑚,

and therefore

||𝑤2𝑚+1 − 𝑥
∗||2 = 𝜑 − 1

𝜑
||𝑥2𝑚+1 − 𝑥∗||2 + 1

𝜑
||𝑥2𝑚 − 𝑥∗||2 − 𝜑 − 1

𝜑2
||𝑥2𝑚+1 − 𝑥2𝑚||2. (58)

Substituting (58) into (54) with 𝑘 = 2𝑚 + 1 yields

||𝑥2𝑚+2 − 𝑥∗||2 ≤ 𝜑 − 1

𝜑
||𝑥2𝑚+1 − 𝑥∗||2 + 1

𝜑
||𝑥2𝑚 − 𝑥∗||2 − 𝜑 − 1

𝜑2
||𝑥2𝑚+1 − 𝑥2𝑚||2

−

[
𝛼2𝑚+1

(
1 −

𝜅2

𝜅1

)
+ 𝛼2𝑚+1(1 − 𝛼2𝑚+1)

]
||𝑤2𝑚+1 − 𝑧2𝑚+1||2

− 𝛼2𝑚+1
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚+1𝜆2𝑚+2

)(||𝑤2𝑚+1 − 𝑦2𝑚+1||2 + ||𝑧2𝑚+1 − 𝑦2𝑚+1||2
)
. (59)
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Subtracting ||𝑥2𝑚 − 𝑥∗||2 from both sides and using (57) (which implies ||𝑥2𝑚+1 − 𝑥∗||2 − ||𝑥2𝑚 − 𝑥∗||2 ≤ −𝑆2𝑚), we deduce

||𝑥2𝑚+2 − 𝑥∗||2 − ||𝑥2𝑚 − 𝑥∗||2 ≤ −
𝜑 − 1

𝜑
𝑆2𝑚 −

𝜑 − 1

𝜑2
||𝑥2𝑚+1 − 𝑥2𝑚||2

−

[
𝛼2𝑚+1

(
1 −

𝜅2

𝜅1

)
+ 𝛼2𝑚+1(1 − 𝛼2𝑚+1)

]
||𝑤2𝑚+1 − 𝑧2𝑚+1||2

− 𝛼2𝑚+1
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚+1𝜆2𝑚+2

)(||𝑤2𝑚+1 − 𝑦2𝑚+1||2 + ||𝑧2𝑚+1 − 𝑦2𝑚+1||2
)

≤ 0, (60)

for all 𝑚 ≥ 1.

Step 4:Monotonicity of the even subsequence and vanishing residuals.

Inequality (60) shows that the even subsequence {||𝑥2𝑚 − 𝑥∗||2}𝑚≥1 is nonincreasing and bounded below, hence convergent.
In particular,

lim
𝑚→∞

||𝑥2𝑚 − 𝑥∗|| exists, and therefore {𝑥2𝑚} is bounded. (61)

Summing (60) over 𝑚 from 1 to𝑁 and letting𝑁 → ∞, we obtain

∞∑
𝑚=1

(
𝜑 − 1

𝜑
𝑆2𝑚 +

𝜑 − 1

𝜑2
||𝑥2𝑚+1 − 𝑥2𝑚||2 +

[
𝛼2𝑚+1

(
1 −

𝜅2

𝜅1

)
+ 𝛼2𝑚+1(1 − 𝛼2𝑚+1)

]
||𝑤2𝑚+1 − 𝑧2𝑚+1||2

+ 𝛼2𝑚+1
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚+1𝜆2𝑚+2

)(||𝑤2𝑚+1 − 𝑦2𝑚+1||2 + ||𝑧2𝑚+1 − 𝑦2𝑚+1||2
))

<∞.

By condition (C2′) and boundedness of {𝜆𝑘}, there exist 𝜀 > 0 and 𝑚0 ∈ ℕ such that

1 −
𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 ≥ 𝜀, ∀ 𝑘 ≥ 2𝑚0.

Together with 𝛼𝑘 ∈ [𝛼, 𝛼] ⊂ (0, 1), this implies that all coefficients in the infinite sum above are eventually bounded below
by positive constants. Hence,

||𝑥2𝑚+1 − 𝑥2𝑚|| → 0, ||𝑤2𝑚+1 − 𝑧2𝑚+1|| → 0, ||𝑤2𝑚+1 − 𝑦2𝑚+1|| → 0, ||𝑧2𝑚+1 − 𝑦2𝑚+1|| → 0. (62)

Moreover, since 𝑆2𝑚 → 0 as 𝑚→ ∞, its definition (56), together with the same positivity argument for the coefficients,
gives

||𝑥2𝑚 − 𝑧2𝑚|| → 0, ||𝑥2𝑚 − 𝑦2𝑚|| → 0, ||𝑧2𝑚 − 𝑦2𝑚|| → 0. (63)

Step 5: Limit of the distance to any solution (Opial’s condition (O1)).

From (62), using

𝑤2𝑚+1 =
𝜑 − 1

𝜑
𝑥2𝑚+1 +

1

𝜑
𝑥2𝑚,

we have
𝑤2𝑚+1 − 𝑥2𝑚+1 =

1

𝜑
(𝑥2𝑚 − 𝑥2𝑚+1),

and hence
||𝑤2𝑚+1 − 𝑥2𝑚+1|| = 1

𝜑
||𝑥2𝑚+1 − 𝑥2𝑚|| → 0. (64)

Combining (62), (63), and (64), we conclude that

||𝑥𝑘 −𝑤𝑘|| → 0, ||𝑤𝑘 − 𝑦𝑘|| → 0, ||𝑤𝑘 − 𝑧𝑘|| → 0,

along both even and odd indices.

Mathematical Methods in the Applied Sciences, 2026 17

Dr.Nuttapol Pakkaranang



As a consequence of (61) and (62),

|||||𝑥2𝑚+1 − 𝑥
∗|| − ||𝑥2𝑚 − 𝑥∗||||| ≤ ||𝑥2𝑚+1 − 𝑥2𝑚|| → 0,

so the odd subsequence {||𝑥2𝑚+1 − 𝑥∗||} converges to the same limit as the even subsequence {||𝑥2𝑚 − 𝑥∗||}. Therefore the
full sequence {||𝑥𝑘 − 𝑥∗||}𝑘≥1 admits a finite limit for every 𝑥∗ ∈ 𝐸𝑃 ( ,). This verifies Opial’s condition (O1).
Step 6: Identification of weak cluster points (Opial’s condition (O2)).

Let 𝑥̂ be a weak cluster point of {𝑥𝑘} and consider a subsequence 𝑥𝑘𝑗 ⇀ 𝑥̂. From the residual vanishing just established,

||𝑥𝑘𝑗 −𝑤𝑘𝑗
|| → 0, ||𝑤𝑘𝑗

− 𝑦𝑘𝑗 || → 0, ||𝑤𝑘𝑗
− 𝑧𝑘𝑗 || → 0,

we deduce

𝑤𝑘𝑗
⇀ 𝑥̂, 𝑦𝑘𝑗 ⇀ 𝑥̂, 𝑧𝑘𝑗 ⇀ 𝑥̂.

Since 𝑦𝑘𝑗 , 𝑧𝑘𝑗 ∈  and  is weakly closed, it follows that 𝑥̂ ∈ .
From the half-space inequality (8) and the inclusion  ⊆ 𝑘, we have, for all 𝑦 ∈  and all 𝑘 ≥ 1,

𝜅2𝜆𝑘
[ (𝑦𝑘, 𝑦) −  (𝑦𝑘, 𝑧𝑘)

] ≥ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩. (65)

Using (11) and (14) to bound  (𝑦𝑘, 𝑧𝑘) from below, we obtain

𝜅2𝜆𝑘  (𝑦𝑘, 𝑦) ≥ 𝜅2

𝜅1
⟨𝑤𝑘 − 𝑦𝑘, 𝑧𝑘 − 𝑦𝑘⟩ −

𝜅2𝜆𝑘𝜆𝑘+1

2𝜇

(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)

+ ⟨𝑤𝑘 − 𝑧𝑘, 𝑦 − 𝑧𝑘⟩. (66)

Passing to the subsequence 𝑘 = 𝑘𝑗 and using the fact that all residual terms vanishwhile {𝜆𝑘} is bounded and 𝜆𝑘𝑗 ≥ 𝜆1 > 0,

the right–hand side of (66) tends to 0, and hence

lim inf
𝑗→∞

 (𝑦𝑘𝑗 , 𝑦) ≥ 0, ∀ 𝑦 ∈ . (67)

ByAssumption 3.1(F6) (weak upper semicontinuity of themapping 𝑥↦  (𝑥, 𝑦) for each fixed 𝑦) and the fact that 𝑦𝑘𝑗 ⇀ 𝑥̂,
we also have

lim sup
𝑗→∞

 (𝑦𝑘𝑗 , 𝑦) ≤  (𝑥̂, 𝑦), ∀ 𝑦 ∈ . (68)

Combining (67) and (68) yields

 (𝑥̂, 𝑦) ≥ 0, ∀ 𝑦 ∈ ,
that is, 𝑥̂ ∈ 𝐸𝑃 ( ,). This establishes Opial’s condition (O2).
Since both Opial’s conditions (O1) and (O2) are satisfied and the sequence {𝑥𝑘} is bounded, Opial’s lemma implies that
{𝑥𝑘} converges weakly to some 𝑥

∗ ∈ 𝐸𝑃 ( ,), which completes the proof. ◽

Next, we establish that the sequence generated byAlgorithm2 achieves𝑅-linear convergence under suitable assumptions.

Lemma 3.9 (𝑅-linear convergence of Algorithm2). Let {𝑥𝑘} be the sequence generated byAlgorithm 2, and suppose
that Assumption 3.1 holds. Assume further that the bifunction  is 𝜂-strongly pseudomonotone on  with parameter 𝜂 > 0.
In addition, suppose that the control parameters satisfy the conditions, that is,

0 < 𝜆1 ≤ 𝜆𝑘 ≤ Λ < ∞, 𝜆𝑘 → 𝜆∗, 𝜅2 ≤ 𝜅1, 𝜇 > 𝜅1Λ
2, 0 < 𝛼 ≤ 𝛼𝑘 ≤ 𝛼 < 1.

Then the sequence {𝑥𝑘} converges 𝑅-linearly to the unique solution 𝑥
∗ ∈  of the equilibrium problem 𝐸𝑃 ( ,).
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Proof. Since  is 𝜂-strongly pseudomonotone on  and 𝑥∗ ∈ 𝐸𝑃 ( ,), we have
 (𝑥∗, 𝑦) ≥ 0 ⟹  (𝑦, 𝑥∗) ≤ − 𝜂 ||𝑦 − 𝑥∗||2, ∀ 𝑦 ∈ .

Arguing as in the proof of Lemma 3.4, but now incorporating the strong pseudomonotonicity at 𝑥∗, we obtain for all 𝑘 ≥ 1,

||𝑥𝑘+1 − 𝑥∗||2 ≤ ||𝑤𝑘 − 𝑥
∗||2 −

[
𝛼𝑘

(
1 −

𝜅2

𝜅1

)
+ 𝛼𝑘(1 − 𝛼𝑘)

]
||𝑤𝑘 − 𝑧𝑘||2

− 𝛼𝑘
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1

)(||𝑤𝑘 − 𝑦𝑘||2 + ||𝑧𝑘 − 𝑦𝑘||2
)

− 2 𝛼𝑘 𝜅2 𝜂 𝜆𝑘 ||𝑦𝑘 − 𝑥∗||2. (69)

For even indices, Algorithm 2 gives 𝑤2𝑚 = 𝑥2𝑚. Hence, (69) with 𝑘 = 2𝑚 yields

||𝑥2𝑚+1 − 𝑥∗||2 ≤ ||𝑥2𝑚 − 𝑥∗||2 −
[
𝛼2𝑚

(
1 −

𝜅2

𝜅1

)
+ 𝛼2𝑚(1 − 𝛼2𝑚)

]
||𝑥2𝑚 − 𝑧2𝑚||2

− 𝛼2𝑚
𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚𝜆2𝑚+1

)(||𝑥2𝑚 − 𝑦2𝑚||2 + ||𝑧2𝑚 − 𝑦2𝑚||2
)

− 2 𝛼2𝑚 𝜅2 𝜂 𝜆2𝑚 ||𝑦2𝑚 − 𝑥∗||2. (70)

Discarding the nonpositive terms involving ||𝑥2𝑚 − 𝑧2𝑚||2 and ||𝑧2𝑚 − 𝑦2𝑚||2, we obtain the simpler inequality
||𝑥2𝑚+1 − 𝑥∗||2 ≤ ||𝑥2𝑚 − 𝑥∗||2 − 𝐴2𝑚 ||𝑥2𝑚 − 𝑦2𝑚||2 − 𝐵2𝑚 ||𝑦2𝑚 − 𝑥∗||2, (71)

where
𝐴2𝑚 ∶= 𝛼2𝑚

𝜅2

𝜅1

(
1 −

𝜅1

𝜇
𝜆2𝑚𝜆2𝑚+1

)
, 𝐵2𝑚 ∶= 2 𝛼2𝑚 𝜅2 𝜂 𝜆2𝑚.

From the assumptions of Theorem 3.8 we know that

0 < 𝛼 ≤ 𝛼𝑘 ≤ 𝛼 < 1, 0 < 𝜆1 ≤ 𝜆𝑘 ≤ Λ <∞, 𝜇 > 𝜅1Λ
2.

Thus
𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 ≤ 𝜅1

𝜇
Λ2 < 1,

so there exists 𝜀 ∈ (0, 1) such that
1 −

𝜅1

𝜇
𝜆𝑘𝜆𝑘+1 ≥ 𝜀 > 0, ∀ 𝑘 ≥ 1.

In addition, since 𝜆𝑘 → 𝜆∗ > 0, there exists 𝜆 ∈ (0, 𝜆∗] and 𝑘0 ∈ ℕ such that 𝜆𝑘 ≥ 𝜆 for all 𝑘 ≥ 𝑘0.
Therefore, for all 𝑚 with 2𝑚 ≥ 𝑘0, we have

𝐴2𝑚 ≥ 𝛼 𝜅2
𝜅1
𝜀 ≜ 𝐴0 > 0, 𝐵2𝑚 ≥ 2 𝛼 𝜅2 𝜂 𝜆 ≜ 𝐵0 > 0.

Using the elementary inequality ||𝑢||2 + ||𝑣||2 ≥ 1

2
||𝑢 + 𝑣||2, ∀ 𝑢, 𝑣 ∈ , with 𝑢 = 𝑥2𝑚 − 𝑦2𝑚 and 𝑣 = 𝑦2𝑚 − 𝑥∗, we obtain

||𝑥2𝑚 − 𝑦2𝑚||2 + ||𝑦2𝑚 − 𝑥∗||2 ≥ 1

2
||𝑥2𝑚 − 𝑥∗||2.

Hence, for all 𝑚 with 2𝑚 ≥ 𝑘0,
𝐴2𝑚||𝑥2𝑚 − 𝑦2𝑚||2 + 𝐵2𝑚||𝑦2𝑚 − 𝑥∗||2 ≥ 1

2
min{𝐴0, 𝐵0} ||𝑥2𝑚 − 𝑥∗||2.

Substituting this into (71) yields

||𝑥2𝑚+1 − 𝑥∗||2 ≤ 𝜌2 ||𝑥2𝑚 − 𝑥∗||2, ∀ 𝑚 with 2𝑚 ≥ 𝑘0, (72)

where 𝜌2 ∶= 1 − 1

2
min{𝐴0, 𝐵0} ∈ (0, 1).
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For odd indices, Algorithm 2 gives the golden-ratio relation

𝑤2𝑚+1 =
𝜑 − 1

𝜑
𝑥2𝑚+1 +

1

𝜑
𝑤2𝑚 =

𝜑 − 1

𝜑
𝑥2𝑚+1 +

1

𝜑
𝑥2𝑚.

Using identity (20), we have

||𝑤2𝑚+1 − 𝑥
∗||2 = 𝜑 − 1

𝜑
||𝑥2𝑚+1 − 𝑥∗||2 + 1

𝜑
||𝑥2𝑚 − 𝑥∗||2 − 𝜑 − 1

𝜑2
||𝑥2𝑚+1 − 𝑥2𝑚||2. (73)

Applying (69) with 𝑘 = 2𝑚 + 1 and discarding the nonpositive terms on the right-hand side, we obtain

||𝑥2𝑚+2 − 𝑥∗||2 ≤ ||𝑤2𝑚+1 − 𝑥
∗||2.

Combining this with (73) and dropping the last term (which is nonpositive), we get

||𝑥2𝑚+2 − 𝑥∗||2 ≤ 𝜑 − 1

𝜑
||𝑥2𝑚+1 − 𝑥∗||2 + 1

𝜑
||𝑥2𝑚 − 𝑥∗||2.

Using (72) to bound ||𝑥2𝑚+1 − 𝑥∗||2, we obtain

||𝑥2𝑚+2 − 𝑥∗||2 ≤ 𝜑 − 1

𝜑
𝜌2 ||𝑥2𝑚 − 𝑥∗||2 + 1

𝜑
||𝑥2𝑚 − 𝑥∗||2

= 𝛿2 ||𝑥2𝑚 − 𝑥∗||2,
where

𝛿2 ∶=
𝜑 − 1

𝜑
𝜌2 +

1

𝜑
= 1 −

𝜑 − 1

𝜑
(1 − 𝜌2) ∈ (0, 1),

since 𝜌2 ∈ (0, 1) and 𝜑 > 1.

Thus, for all 𝑚 sufficiently large,

||𝑥2𝑚+2 − 𝑥∗||2 ≤ 𝛿2 ||𝑥2𝑚 − 𝑥∗||2, 0 < 𝛿 < 1. (74)

By iterating (74), we obtain for all 𝑚 ≥𝑀 (for some𝑀 large enough),

||𝑥2𝑚 − 𝑥∗||2 ≤ 𝛿 2(𝑚−𝑀) ||𝑥2𝑀 − 𝑥∗||2.
Using (72) once more, we also have

||𝑥2𝑚+1 − 𝑥∗||2 ≤ 𝜌2 ||𝑥2𝑚 − 𝑥∗||2 ≤ 𝜌2 𝛿 2(𝑚−𝑀) ||𝑥2𝑀 − 𝑥∗||2.
Thus, both subsequences {𝑥2𝑚} and {𝑥2𝑚+1} converge to 𝑥

∗ at a geometric rate. Equivalently, there exist constants 𝐶 > 0
and 𝜃 ∈ (0, 1) such that ||𝑥𝑘 − 𝑥∗|| ≤ 𝐶 𝜃𝑘, ∀ 𝑘 sufficiently large,

which shows that {𝑥𝑘} converges to 𝑥
∗ at an 𝑅-linear rate. ◽

4 | Numerical Experiments and Performance Evaluation

In this section, we present a set of computational experiments to evaluate and compare the performance of the proposed
methods in Section 3 with several benchmark algorithms from the literature. We also analyze structural features of the
proposed schemes and investigate how different control parameters influence their numerical behavior.

All implementations were carried out in MATLAB R2022b on a Lenovo laptop equipped with an Intel Core i9-13900H
CPU (2.60GHz) and 32GB RAM. To ensure a fair comparison, all algorithms were executed under the parameter settings
summarized in Table 1. The choices for the proposed methods were selected based on stable empirical performance; they
need not satisfy the theoretical sufficient conditions (e.g., 𝜇 > 𝜅1Λ

2), since such assumptions are not necessary in practice
but only sufficient for convergence guarantees.
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TABLE 1 | Control parameters for benchmark methods (ExM1–ExM4) and proposed methods (PM1–PM2).

Algorithm (Abbreviation) Control parameters

Algorithm 1 in [19] (ExM1) 𝜃 = 0.65, 𝜆 = min
{

1

4𝑐1
,

1

4𝑐2

}
, 𝜖𝑛 = 𝑛

−2

Algorithm 2.1 in [18] (ExM2) 𝛼 = 0.35, 𝜇 = 0.65, 𝜏 =
0.9(1 − 𝛼)2

𝛼(1 + 𝛼) + (1 − 𝛼)2
, 𝜆1 = 0.5

Algorithm 3.3 in [16] (ExM3) 𝜇 = 0.50, 𝜖 = 10−6, 𝜆1 = 0.10, 𝜃𝑛 =
1−𝜖

3
, 𝜙𝑛 = 0.5

Algorithm 2.1 in [17] (ExM4) 𝜆1 = 0.5, 𝜇 = 0.60, 𝜃 = 0.75 ⋅ 1−𝜇
2

Algorithm 1 (Proposed
Method 1, PM1)

𝜑 = 1.95, 𝜅1 = 1.0, 𝜅2 = 1.0, 𝜆1 = 1.2, 𝜇 = 0.5, 𝑝𝑘 = 𝑘
−2, 𝛿𝑘 = 1 + 𝑘−2, 𝛼𝑘 = 0.5

Algorithm 2 (Proposed
Method 2, PM2)

𝜑 = 1.95, 𝜅1 = 1.0, 𝜅2 = 1.0, 𝜆1 = 1.2, 𝜇 = 0.5, 𝑝𝑘 = 𝑘
−2, 𝛿𝑘 = 1 + 𝑘−2, 𝛼𝑘 = 0.5

Example 4.1. Consider the Nash–Cournot oligopolistic equilibrium model introduced in [12]. The bifunction  ∶

ℝ
5 ×ℝ

5
→ ℝ is defined by

 (𝑥, 𝑦) = ⟨𝑃𝑥 +𝑄𝑦 + 𝑐, 𝑦 − 𝑥⟩,
where the matrices 𝑃 ,𝑄, and the vector 𝑐 are

𝑃 =

⎛
⎜⎜⎜⎜⎜⎜⎝

3.1 2 0 0 0

2 3.6 0 0 0

0 0 3.5 2 0

0 0 2 3.3 0

0 0 0 0 3

⎞
⎟⎟⎟⎟⎟⎟⎠

, 𝑄 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1.6 1 0 0 0

1 1.6 0 0 0

0 0 1.5 1 0

0 0 1 1.5 0

0 0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎠

, 𝑐 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1

− 2

− 1

2

− 1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

It is straightforward to verify that

𝑄 − 𝑃 is symmetric and negative semidefinite, 𝑄 is symmetric and positive semidefinite.

These properties ensure that  is pseudomonotone and satisfies the standard Lipschitz-type condition (2). Indeed, the
associated Lipschitz-type constants are 𝑐1 = 𝑐2 =

1

2
||𝑃 −𝑄||2 = 1.4525,where || ⋅ ||2 denotes the spectral (operator) norm.

The feasible set is the box constraint

 ∶=
{
𝑥 ∈ ℝ

5 ||| − 5 ≤ 𝑥𝑖 ≤ 5, 𝑖 = 1,… , 5
}
.

We begin our numerical investigation with Example 4.1, which is based on the classical Nash–Cournot oligopolistic
equilibrium model. The purpose of this experiment is twofold:

i. to demonstrate the applicability of the proposed algorithms to structured equilibrium problems arising in eco-
nomics, and

ii. to assess their numerical efficiency relative to existing state-of-the-art methods.

To obtain a fair and representative comparison, we employ six distinct initial points in the Hilbert space ℝ5:

𝑥(1) = (1, 1, 1, 1, 1)⊤, 𝑥(2) = (−1, −1, −1, −1, −1)⊤,

𝑥(3) = (2, −2, 2, −2, 2)⊤, 𝑥(4) = (3, 0, −3, 0, 3)⊤,

𝑥(5) = (4, 2, 0, −2, −4)⊤, 𝑥(6) = (5, −4, 3, −2, 1)⊤.

These test points were deliberately selected to include symmetric patterns, alternating-sign structures, sparse vectors, and
mixed-sign configurations, ensuring a broad assessment of the numerical behavior across all algorithms.

Numerical observations. From Table 2 and Figures 1 and 2, several important conclusions can be drawn:
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TABLE 2 | Numerical performance of all algorithms for Example 4.1 using six initial points 𝑥(𝑖), 𝑖 = 1,… , 6. Each entry is reported

in the format (Iterations, Final Error, Time in seconds).

Method 𝒙
(1)

𝒙
(2)

𝒙
(3)

𝒙
(4)

𝒙
(5)

𝒙
(6)

ExM1 (47, 7.86 × 10−7,

0.63)

(47, 4.73 × 10−7,

0.51)

(58, 6.95 × 10−7,

0.66)

(60, 5.85 × 10−7,

0.63)

(54, 6.18 × 10−7,

0.57)

(64, 8.30 × 10−7,

0.69)

ExM2 (38, 6.04 × 10−7,

0.70)

(46, 5.77 × 10−7,

0.76)

(43, 6.95 × 10−7,

0.69)

(37, 8.92 × 10−7,

0.60)

(38, 9.40 × 10−7,

0.60)

(43, 6.00 × 10−7,

0.67)

ExM3 (39, 2.58 × 10−7,

0.64)

(36, 2.93 × 10−7,

0.59)

(41, 4.25 × 10−7,

0.68)

(50, 7.03 × 10−7,

0.81)

(63, 2.05 × 10−7,

0.95)

(58, 1.73 × 10−7,

0.88)

ExM4 (31, 7.88 × 10−7,

0.52)

(33, 5.99 × 10−7,

0.60)

(34, 6.01 × 10−7,

0.56)

(32, 9.69 × 10−7,

0.51)

(34, 5.34 × 10−7,

0.52)

(34, 4.40 × 10−7,

0.55)

PM1 (17, 9.89 × 10−7,

0.29)

(17, 9.48 × 10−7,

0.30)

(16, 5.25 × 10−7,

0.28)

(19, 4.29 × 10−7,

0.33)

(21, 9.42 × 10−7,

0.35)

(19, 3.50 × 10−7,

0.30)

PM2 (15, 2.60 × 10−7,

0.28)

(15, 7.46 × 10−7,

0.26)

(15, 5.28 × 10−7,

0.26)

(18, 4.85 × 10−7,

0.29)

(17, 5.05 × 10−7,

0.29)

(15, 9.89 × 10−7,

0.23)

FIGURE 1 | Residual norm decay for Example 4.1 with initial points 𝑥(1), 𝑥(2), and 𝑥(3). The top row plots the residual against

iteration count, while the bottom row plots the residual against CPU time.

1. The proposed algorithms (PM1 and PM2) consistently require the fewest iterations across all six initializations. For
example, ExM1 frequently requires more than 50 iterations (e.g., 64 iterations for 𝑥(6)), whereas both PM1 and PM2
converge in fewer than 21 iterations in every case. A similar pattern is observed for CPU time: PM2 typically fin-
ishes in under 0.30 s, whereas ExM1 and ExM3 often exceed 0.60 s, with ExM3 requiring nearly 1.0 s at 𝑥(5). Among
the existing approaches, ExM4 is the most competitive, requiring approximately 30–34 iterations, but it remains
noticeably slower than PM1 and PM2.

2. The existing methods exhibit significant sensitivity to the choice of initial point. For instance, ExM3 needs only 36
iterations at 𝑥(2) but as many as 63 iterations at 𝑥(5), with CPU time nearly doubling (0.59 s versus 0.95 s). In contrast,
both proposed methods show remarkable robustness: each stays within the narrow range of 15–21 iterations for all
six initial points, with consistently low CPU times (< 0.36 s). Additionally, the final residual errors for all methods
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FIGURE 2 | Residual norm decay for Example 4.1 with initial points 𝑥(4), 𝑥(5), and 𝑥(6). The top row plots error versus iteration

count, while the bottom row plots error versus CPU time.

are of comparable magnitude ((10−7)), demonstrating that the improved efficiency of PM1 and PM2 does not come
at the cost of accuracy.

3. The proposed algorithms achieve substantial reductions in both iteration counts and execution times compared
with existing methods, while also maintaining stable performance across diverse initializations. This combination
of robustness, speed, and accuracy highlights the suitability of PM1 and PM2 for solving equilibrium models where
both computational efficiency and reliability are essential. In summary, the experimental results confirm that the
proposedmethods provide notable improvements in efficiency and robustness, reinforcing their potential for broader
application to large-scale and computationally demanding equilibrium problems.

Example 4.2. Let  = 𝐿2([0, 1]) denote the Hilbert space of square-integrable real-valued functions on [0, 1],
equipped with the inner product

⟨𝑥, 𝑦⟩ = ∫
1

0

𝑥(𝑡) 𝑦(𝑡) 𝑑𝑡, ∀ 𝑥, 𝑦 ∈ ,
and the corresponding norm

||𝑥|| =
(
∫

1

0

|𝑥(𝑡)|2 𝑑𝑡
)1∕2

.

The feasible set is the closed unit ball
 ∶=

{
𝑥 ∈ 𝐿2([0, 1])

||| ||𝑥|| ≤ 1
}
.

Consider the operator  ∶  →  defined by

(𝑥)(𝑡) = ∫
1

0

(𝑥(𝑡) −𝐻(𝑡, 𝑠) 𝑓 (𝑥(𝑠)))𝑑𝑠 + 𝑔(𝑡), 𝑡 ∈ [0, 1].

Here the kernel𝐻 , the nonlinear mapping 𝑓 , and the forcing term 𝑔 are given by

𝐻(𝑡, 𝑠) =
2𝑡𝑠 𝑒𝑡+𝑠

𝑒
√
𝑒2 − 1

, 𝑓 (𝑥) = cos(𝑥), 𝑔(𝑡) =
2𝑡 𝑒𝑡

𝑒
√
𝑒2 − 1

.
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The associated bifunction  ∶  ×  → ℝ is defined by

 (𝑥, 𝑦) ∶= ⟨(𝑥), 𝑦 − 𝑥⟩.
It can be verified that the operator ismonotone andLipschitz continuous on, with Lipschitz constant𝐿 = 2. In contrast
with Example 4.1, this equilibrium problem is posed in an infinite-dimensional Hilbert space, offering amore challenging
computational setting.

In this section, we present a series of numerical experiments to illustrate the applicability and effectiveness of the pro-
posed methods in solving variational inequality problems over infinite-dimensional domains. Specifically, we consider
Example 4.2, formulated in the Hilbert space  = 𝐿2([0, 1]). The aim of this experiment is to examine the conver-
gence and stability of the algorithms when applied to a monotone and Lipschitz continuous operator  acting on an
infinite-dimensional space. This framework highlights not only the robustness of the proposed approaches but also their
potential applicability to functional analytical models.

To ensure a comprehensive evaluation, the algorithms are initialized with six distinct starting points in:

𝑥
{1}
0 (𝑡) = 0, 𝑥

{2}
0 (𝑡) = 1, 𝑥

{3}
0 (𝑡) = 𝑡,

𝑥
{4}
0 (𝑡) = sin(𝜋𝑡), 𝑥

{5}
0 (𝑡) = cos(𝜋𝑡), 𝑥

{6}
0 (𝑡) = 𝑒−𝑡, 𝑡 ∈ [0, 1].

These initializations capture constant, linear, oscillatory, and exponentially decaying behaviors, thereby providing amean-
ingful basis for evaluating algorithmic performance under a broad range of functional configurations.

Observations and Analysis. From Table 3 and Figures 3 and 4, several noteworthy observations can be made:

1. Although all competing methods achieve final errors on the order of 10−10, their computational efficiency varies
significantly. Among the extragradient methods, ExM1 is the slowest, requiring more than 150 iterations for certain
initializations. By contrast,ExM4 is themost efficient among the extragradient schemes, generally convergingwithin
90–96 iterations and requiring nearly 1 s of CPU time.

2. The proposed projection-basedmethods (PM1 andPM2) demonstrate superior numerical performance. In particular,
PM2 consistently achieves the fastest convergence, requiring only 27–47 iterations with CPU times in the range of
0.35–0.51 s.

3. The choice of initial point affects the numerical behavior of the algorithms. Constant initialization 𝑥{2}0 (𝑡) = 1 and

linear initialization 𝑥{3}0 (𝑡) = 𝑡 generally lead to larger iteration counts and longer CPU times compared to oscillatory
(sin(𝜋𝑡), cos(𝜋𝑡)) or exponentially decaying (𝑒−𝑡) initializations. Among the extragradient schemes, ExM1 is partic-
ularly sensitive to the starting point, with iteration counts nearly doubling between 𝑥{1}0 (𝑡) = 0 and 𝑥{2}0 (𝑡) = 1. In
contrast, the proposed projection-based methods exhibit remarkably stable performance across all initializations,
with only minor variations in both iteration counts and execution times.

TABLE 3 | Numerical results for Example 4.2 in 𝐿2([0, 1]) with six initial points 𝑥{𝑖}0 , 𝑖 = 1,… , 6. Each entry reports (Iterations,

Final Error, Time [s]). The comparison covers extragradient methods (ExM1–ExM4) and projection methods (PM1, PM2).

Method 𝒙
{1}

0
(𝒕) = 0 𝒙

{2}

0
(𝒕) = 1 𝒙

{3}

0
(𝒕) = 𝒕 𝒙

{4}

0
(𝒕) = sin(𝝅𝒕) 𝒙

{5}

0
(𝒕) = cos(𝝅𝒕) 𝒙

{6}

0
(𝒕) = 𝒆

−𝒕

ExM1 (78, 8.48 × 10−10,

0.553)

(155, 8.91 × 10−10,

1.572)

(149, 9.37 × 10−10,

2.122)

(152, 8.93 × 10−10,

1.546)

(153, 9.52 × 10−10,

1.482)

(151, 9.79 × 10−10,

1.490)

ExM2 (71, 9.98 × 10−10,

1.100)

(117, 8.62 × 10−10,

1.221)

(114, 8.96 × 10−10,

1.190)

(115, 9.37 × 10−10,

1.204)

(116, 8.38 × 10−10,

2.179)

(115, 8.84 × 10−10,

1.140)

ExM3 (69, 8.96 × 10−10,

0.740)

(113, 8.33 × 10−10,

1.131)

(107, 8.30 × 10−10,

1.121)

(109, 9.56 × 10−10,

1.128)

(111, 9.36 × 10−10,

1.112)

(113, 8.41 × 10−10,

1.153)

ExM4 (58, 8.97 × 10−10,

0.533)

(96, 6.64 × 10−10,

0.965)

(90, 8.42 × 10−10,

0.954)

(92, 8.87 × 10−10,

0.982)

(94, 8.14 × 10−10,

0.945)

(96, 6.72 × 10−10,

0.984)

PM1 (38, 7.18 × 10−10,

0.346)

(62, 9.71 × 10−10,

0.680)

(59, 8.05 × 10−10,

0.630)

(61, 7.02 × 10−10,

0.659)

(61, 9.88 × 10−10,

0.598)

(62, 9.66 × 10−10,

0.651)

PM2 (27, 7.24 × 10−10,

0.345)

(47, 5.31 × 10−10,

0.493)

(43, 9.56 × 10−10,

0.479)

(45, 6.96 × 10−10,

0.500)

(45, 9.45 × 10−10,

0.480)

(47, 5.90 × 10−10,

0.513)
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FIGURE 3 | Residual norm decay for Example 4.2 with initial points 𝑥{1}0 , 𝑥{2}0 , and 𝑥{3}0 . Top: error vs. iterations. Bottom: Error vs.

CPU time. The plots compare extragradient methods (ExM1–ExM4) with the proposed projection-based methods (PM1, PM2).

FIGURE 4 | Residual norm decay for Example 4.2 with initializations 𝑥{4}0 , 𝑥
{5}
0 , 𝑥

{6}
0 . Top: error vs. iterations. Bottom: Error vs.

CPU time. The results illustrate the effect of oscillatory and exponentially decaying initializations on the convergence behavior of

ExM1–ExM4 and PM1–PM2.
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Overall, PM2 emerges as the most effective method for this example, combining robustness, accuracy, and computational
efficiency. It not only outperforms all extragradient algorithms but also provides consistently stable performance across
diverse initializations in the infinite-dimensional setting.

Example 4.3. In this example,we illustrate the effectiveness of the proposedmethods in an image restoration problem.
Each image is represented by𝐷 ∶=𝑀 ×𝑁 pixels, where the intensity of each pixel lies in the interval [0, 255], correspond-
ing to standard grayscale values. The reconstruction problem is formulated in the real Hilbert space ℝ𝐷 equipped with
the Euclidean norm || ⋅ ||. The feasible set of pixel values is therefore

 ∶= [0, 255]𝐷.

Let 𝑥 denote the original (unknown) image and let 𝑦∗ denote the observed degraded image. The degradation process is
modeled as

𝑦∗ = 𝐴𝑥 + 𝜉,

where𝐴 is a blurring operator (typically represented by a point spread function or convolutionmatrix) and 𝜉 is an additive
noise term. The objective is to reconstruct an approximation of 𝑥 from the observed data 𝑦∗ using the known forward
operator 𝐴. This leads to the constrained optimization problem

min
𝑥∈

1

2
||𝐴𝑥 − 𝑦∗||2,

where 𝑥 is the candidate restored image. The objective function is given by

𝜑(𝑥) ∶=
1

2
||𝐴𝑥 − 𝑦∗||2,

whichmeasures the discrepancy between the degraded image and its reconstruction. Since𝐴 is linear and || ⋅ ||2 is convex,
the function 𝜑 is convex. Consequently, the problem can be equivalently formulated as an equilibrium problem with the
bifunction  (𝑥, 𝑦) ∶= 𝜑(𝑦) − 𝜑(𝑥), ∀ 𝑥, 𝑦 ∈ .
Image Quality Metrics. To evaluate the quality of the restored image 𝑥, we employ three widely used image-quality
measures:

TABLE 4 | Numerical results under a Gaussian blur model (kernel size 9 × 9, 𝜎 = 1.6). Each row reports the outcome after 300 iter-

ations for the four extragradient methods (ExM1–ExM4) and the two projection-based methods (PM1, PM2). Metrics include runtime,

SNR/PSNR/SSIM, and pixel-wise calibration statistics on the Y channel.

Method Iter Time (s)
SNR
(dB)

PSNR
(dB) SSIM 𝒓 𝑹

2 Slope Intercept RMSE MAE Bias

ExM1 300 1.0904 17.66 23.24 0.4414 0.9604 0.9224 0.9619 4.53 17.55 13.19 0.00

ExM2 300 1.4609 17.99 23.57 0.4621 0.9631 0.9276 0.9592 4.86 16.90 12.54 0.02

ExM3 300 1.4270 18.33 23.91 0.4938 0.9658 0.9327 0.9589 4.90 16.26 11.91 0.02

ExM4 300 1.5298 18.84 24.42 0.5450 0.9694 0.9398 0.9564 5.22 15.33 10.79 0.03

PM1 300 1.4622 19.15 24.73 0.5912 0.9715 0.9438 0.9537 5.48 14.79 10.02 −0.02

PM2 300 1.4326 19.32 24.90 0.6758 0.9726 0.9459 0.9469 6.33 14.50 8.98 0.02

Note: Iter: Number of iterations (here fixed at 300).

Time (s): Execution time of each method.

SNR (dB): Signal-to-noise ratio of the restored image; higher values indicate better fidelity.

PSNR (dB): Peak signal-to-noise ratio, a standard metric for image quality.

SSIM: Structural similarity index (range [0, 1]); higher values indicate closer structural similarity to the reference image.

𝑟: Linear correlation coefficient between ground truth and restored luminance values.

𝑅2: Coefficient of determination, measuring how well restored values approximate the ground truth.

Slope/Intercept: Parameters of the regression line (restored vs. ground truth luminance).

RMSE: Root mean square error.

MAE: Mean absolute error.

Bias: Average deviation of restored luminance from the ground truth.
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1. Signal-to-Noise Ratio (SNR):

SNR ∶= 20 log10

( ||𝑥||
||𝑥 − 𝑥||

)
.

SNR quantifies the strength of the true image relative to the reconstruction error, serving as a numerical indicator
of error decay.

2. Peak Signal-to-Noise Ratio (PSNR):

PSNR ∶= 10 log10

(
2552

1𝐷||𝑥 − 𝑥||2
)
.

PSNR compares the maximum possible pixel intensity (255) with the mean squared error between 𝑥 and 𝑥. It is the
most widely used performance benchmark in the image-restoration literature.

3. Structural Similarity Index (SSIM): SSIM assesses perceptual similarity by jointly comparing luminance, con-
trast, and structural information between 𝑥 and 𝑥. Its values lie in [0, 1], with 1 indicating perfect structural agree-
ment. SSIM therefore provides a perceptually meaningful evaluation beyond pixel-wise errors.

These threemeasures together capture complementary aspects of reconstruction quality: numerical accuracy (SNR), stan-
dard benchmark performance (PSNR), and perceptual fidelity (SSIM).

Initialization. For the experiments, we initialize the algorithm with

𝑥0 = 𝟏 ∈ ℝ
𝐷, 𝑥1 = 𝟎 ∈ ℝ

𝐷,

corresponding to constant images whose pixel values are all one and zero, respectively. These choices offer simple yet
effective starting points for the iterative method.

FIGURE 5 | Performance of method ExM1 on Example 4.3 under Gaussian blur (9 × 9, 𝜎 = 1.6). Top row: (a) Original image, (b)

blurred and noisy observation, and (c) restored image with quality metrics (SNR, PSNR, SSIM). Bottom row: (d) evolution of metrics

with respect to iterations, (e) evolution of metrics with respect to runtime, and (f) pixel-wise calibration of restored versus ground truth

luminance.
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FIGURE 6 | Performance of method ExM2 on Example 4.3 under Gaussian blur (9 × 9, 𝜎 = 1.6). Subfigures: (a) Original image,

(b) blurred and noisy observation, (c) restored image, (d) evolution of metrics across iterations, (e) evolution of metrics over runtime,

and (f) pixel-wise calibration.

FIGURE 7 | Performance of method ExM3 on Example 4.3 under Gaussian blur (9 × 9, 𝜎 = 1.6). Subfigures: (a) Original image, (b)

blurred and noisy observation, (c) restored image, (d) metric progression across iterations, (e) metric progression over runtime, and (f)

pixel-wise calibration.
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FIGURE 8 | Performance of method ExM4 on Example 4.3 under Gaussian blur (9 × 9, 𝜎 = 1.6). Subfigures: (a) Original image, (b)

degraded observation, (c) restored image, (d) SNR/PSNR/SSIM versus iteration, (e) SNR/PSNR/SSIM versus runtime, and (f) pixel-wise

calibration.

FIGURE 9 | Performance of proposed method PM1 on Example 4.3 under Gaussian blur (9 × 9, 𝜎 = 1.6). Subfigures: (a) Original

image, (b) blurred and noisy observation, (c) restored image, (d) evolution of metrics with respect to iterations, (e) evolution of metrics

with respect to runtime, and (f) pixel-wise calibration.
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FIGURE 10 | Performance of proposed method PM2 on Example 4.3 under Gaussian blur (9 × 9, 𝜎 = 1.6). Subfigures: (a) Orig-

inal image, (b) blurred and noisy observation, (c) restored image with quality metrics, (d) convergence curves versus iteration, (e)

convergence curves versus runtime, and (f) pixel-wise calibration.

Observations. From the numerical results in Table 4 and Figures 5–10, we obtain the following observations:

1. All methods were executed for a fixed number of 300 iterations. The execution times are comparable, ranging from
1.09 s (ExM1) to 1.53 s (ExM4). Importantly, the projection-based methods (PM1 and PM2) do not introduce addi-
tional computational overhead compared with the extragradient schemes.

2. Restoration quality improves progressively across themethods. Specifically, the SNR increases from 17.66 dB (ExM1)
to 19.32 dB (PM2). A similar trend holds for PSNR, which rises from 23.24 dB (ExM1) to 24.90 dB (PM2). The most
pronounced gain is observed in SSIM: while ExM1 achieves only 0.4414, PM2 attains 0.6758, indicating substantially
stronger structural similarity with the reference image.

3. Correlation coefficients remain consistently high (𝑟 ≥ 0.96, 𝑅2 ≥ 0.92), confirming strong agreement between the
ground truth and the restored luminance values. The regression slope decreases slightly from0.9619 (ExM1) to 0.9469
(PM2), while the intercept increases, indicating aminor brightness bias. Errormeasures also improve steadily: ExM1
yields the largest errors (RMSE 17.55,MAE 13.19), whereas PM2 achieves the smallest (RMSE 14.50,MAE 8.98). The
bias remains negligible across all methods, with values between −0.02 and 0.03.

4. Overall, performance improves progressively from ExM1 through ExM4, with the projection-based methods (PM1
and PM2) delivering the best restoration quality. In particular, PM2 provides the most favorable balance between
perceptual similarity (SSIM) and numerical fidelity (SNR, PSNR, RMSE,MAE), making it themost effective method
in this experiment.
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