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l. Introduction

,\lost ploblcnrs cncoutrtererl in quairtunr rr!rah.lnr\.s a.ijtn(,1
iri: solvcd cr.rctlv. Exact .srrl uti ons oi thr: Scli riid i rrsc r rq Ll Jtr ()lt
cxist onlv for a lc'n'irlcalizr.,d s\,slsnts, To solvt ucneral irrrib-
Ienrs, one ntuit rcsort to trPproxiaration nrethods. ,\ r'ar.tetr,ol
sr,rcl"r mcthods hrvc been clevtlopcd, and cach lras its t,rr'n ar.,rr
trl-applicabilitl.. Jhc,rc cxist s\,r'rl'al lui.,illts tu sl-r.rtlv thr'rrr, lirr
exaurFrlc. !\i.ntz-el- Krirrriers- ljrillor.rin [1], pt:rtLrri:ar jul [] 1.

thr tluasi lint:arizlititlr ntctlrod [ 3 ], thc variatiorral ruct hotl 14,,
iirrr.tic'n anahsis 15,6], rhc ciqcrrvalue rltolltcnt rncthorl [7],
thc "tnalvtical trtnsler rrratri,r. rnethrrtl [8-10], arrd ur,rr.rurical
shootiug rrethoti lll, l2l.

(lr-ohc r.rl. ll, 199{ [l3j proposccl a t:'itelion to r'lctr:irline
tht uunreliclrl deercr oi elol.;rl corrclation J-uitrtir'):t r)i thc
r)rLrltip.lritics qtr;tnturn svstcr)i.'lhcv l_.f lietl tlri.r ntr.thorl to
.sc\'rfill situaliurrs, inelutlirrg elr'etrolr atortr sritiltrrrrg entl
strons ficld photuirrnizatiot'r. l.r'c ct al. l()()ir il"tl discussrtl

lirr'clii'ct oi-ir t'r'ltli riin(lrrLrr pr'rtcn1i.r1, rrrclrcatr,ci l>r'stt.rpcs ur
tlte r'.rp.rnrir'tl cllnsity plolrlc oi tlrl llrrsu i.jnstcin Cuudcitsat,-,
anrl tiirrrrpci ciipo)e oscillirtions. Hcnruler" irnrl Shapirti J00E
Il5] drlrncd thc disoldcr-indured intcnsrtr'-intcnsrLv .()rrr,-
latiirn iirne litrn, (-',,,(r, r') = lV,.j(.;rir",{f , firr. thc iJt,sr
llinstcjn (-rirrclcitsirtr. tb:' I.crrrri gas. Chei rorct antl Sltipctror.
i008 ll6] sh,.rrvsd dr'r:il oi lhr,rveriru(,atornic density

_l
(rr(r, t) = lV,(r, t)l-) irs a f'Lln!'tjr)lt of'tirtre.'lhc dcnsrlv ttil!hfs
rr rla-rirnrrirl ;rt thc arrir,;tl tirnc 1.,, .,...,r - 2:2 lDL,, rr,hcri, .l)
is thc tlifiirsiorr coulHcie rtt irt r arrdorl pot!,r)lials. Norr'. ;r

ferr' u'orli.i h;ir.c .c,ncrrnecl thc c.r[r;rnsirin rri LJose -Linstcin
(,onclcns.ttt in thlec-dinrrrtsionul potcntials lrncl cr'.rluirtc
crtrrtlation luticlion. Chtrllor-r't aud Sl<i1.r.tr',tr, 1009 |17] h.rrl
sht,rr'n iht' tr'Pic,rl tliliirsron cot'lilcjcnl o1' lht Ilost,,Einslcin
(..r)nLlcnsntc in lr thrcc rlintr'rrsitrrr;rl rl:rdoll ptltr'rrtiel. ISeilirr
rI irl. ]L)lUilSl .unsidqrtr.l dillirsiorr ol roltj-iilouric lrrrnri
Uas in Lh.' pl"c,{tnae o1-.r rarrtlt,nt ilptital spcclili, Pott.ntr;1.

i-iiri$a,,,vi



Pc.z-ze et al. 201I [19] nurneritall; .studied the dr:narnics
rcginrrs of classical transpLrrt oi co[l alor-]rs gast's in a trvo-
clirlerrsionirl rrrisotropic cliscrldcr potcntial. Irr this papcr,
ne consitler airproxirnaiiorl lnethods thrlt deal rr'ith stirtior-t-
rry strltrs torlcspor-rcling tu lirrr-irldcL)e ntlcnt I lanrilttr:tilut.
To slud-v ploblern of statr()nary status. rrc i-r)cus ()n onc
approximation method: llumerical sllooting mclhrjd uscti:l
to evaluate rr.ave Iunctitx and tine-independent ctln'elati<ln
function of a particle around attractron bv thc hlrrt:onics
erscillator u'ith Cosirre ilsynrnretric ;rtltential, 'lhr schenre

o['the papsl is irs tbllorvs. Iu Section 2, t'c rr'ritr thc brrsic

tinrc-indr:pendtrrt Schrodirrccr cquati(irt itt tcrnts ol' ilnitc
diflcrcncc antJ tlre hantionics oscrllator Cosirte ust ututctric
poterrtial in [crrns t,f the nciv variab]c is 11ivrn bv

't' - 1,t, 
-,t.Yi+l --Yr Y"i-l

- (Ai)z (o * t' - 2ct - 2ctcos (bi))y';; (l)

i=,)-1.il

rr'ht-r'c 2c{ + 2d cos (l,i) is the (losinc asynrnrctric potentiai. In
Section 3, we sirorv the idea ol'u.riting a proqranl for cvaluat-
ulg energy cigenvalue tvave litnction and correlatiorr function
of atonric drnsitv lirr tlrr- Cosinc asymrrre tric ptltcntial via tlre
irunrcrical shootinq nrethod (Asaithanibi, Lcdou.r and van
L)aclc, Boor.rr:hui ilnd Hutelrl 112, 20, 21i). Section 4 coutiiins
ilur L-()ltclUSi011S,

2. Time-Independent Schriidinger Equation
in Finite f)ifference Formula for Harmonics
Oscillator Cosine Asymmetric Potential

'#e cousider a particlu o[ niass p nroving on thr.t-it\is in
a ti rrtr'-intlcpendcnt potcnti tl 7..' (x).' lhc timu-irtrlepcndcnt
licltrodirrgcr uquation corresptlnding to th is one-dimerrsional
rll0tion i,$

Ph1.5ig- s Research Internati trnal

I:rt;unl l: flre hnrrrtonies oscillator lx)lcnli:rl is pcrturlrcd bv (,ositrc

ilsvrnflt'tnc p()tcntial, rr'itlt rt - 5, & = lt), and c = (),4.

rvitl-t c;t + (r cos (lrx) thirt is called thc (iosiut' asvn)nrctrii
potential 1221, rvhere c, rt, and & are prs5i111'1' cunstartts. Sub-

stitutil)g the harnionics oscillator Cosine irs,vllrnretric !rotcLr -

tial frour (-3) inlo (2) lr:acls trr thr.' lbllon'irtg equation:

/rj ri:Y2,, (x)
i4,,yr,, (x) -a-,lpr dx- 

(1)

11 . \
+ 

[;litc'-.r'- 
+ r'.Y r',r, os(lrr')) V', i tt

Iror riLrr appr(iach (4) carr ll,: solr.r'tl in tlrc nr.rrrtcricirl

.shooting nrt'tl:otj, It is convenilrrt to,sinrpliiv thc alitlrrrrctir
rrrvolvcrl i;r lhr'shrloting st:lr:tron. \\'e rlclint'sr)nrt: ne\r'
t.lrntcnsitlrrlt's.s i,ariir[rl,:-..'lhcn thr positlet'l vi.rriablr .r rs

rcplacrd n ith the dinreusionless l'ariirblc t:

= 
!'",
lt

With this elrllrrition. thc secr.rrtrl-dcrivirtivr tcrrn ciu br u'r'it
to 11 ils

.1
d" 11 Ll-

,J{r prr, r/.r1

Strbstituting in tbr x in ternrs ol{ and settinq e = 2Ellrio ;.ntl
setting /r : | = u) - I irrLo (4), *,e,ca' rcrr'rjlr't6u tir'r-
ttrdepcnclcnt Schriltlinge r cquation crrrlpletelv in te rnrs ol'i
as tblit:rr's:

,J,,, , .- tI' r",\'1 / i.. ;) Jci_2atos(&i))yi,.(.r) =() (r-)
rjir \' \

.A,lsrr, the tirrrc-indrFcritlc:-rt pilttrnti;.rl irr ti'r'rrs oi'thc rrsr'
r'.rrnblt"' is qilcn bv

7'(t) = ir + lci + }:r cc,s (l'i) (,i)

l'-trr tlrc lirritc clilJcrt'ncu r-urthotl, (7) js rcu'rittcn in thc hrrrrt trl.

ntanv snrrll srg:rcnt Ai in thc i dunrain lrngth.'ilrc sccoud-
r.lcrivativr r,1 Llre lirs! tcrrrt ir.t (7) can be approxinraterl in llni[i:
d illcrcrrcL' iirrur as Ibilol's:

rJl yr,, (.t)

=F-

". 1

A 15

l

r - It'* 12
L = \l-i. I' \/r

(s)

((r )

hr ,/iy,,, (-t;
-:_-.-;--+/|\ll i1.\-

r) y,, (.,,:) ,. F,,vr,, (.t), (:)

rvherc 6,, is thc total ctrcrgp, cige nr.'alucs o1- the parliclc. Thc
solution of tltis equation yields the alluwed eri(lqv rrguu-
vllues 8,, arrd the corrcspurrtliug \\a\,c functiun V,,(xl. 'lu
soh,e tlris prartiiri dillcrentiitl equatit.rn, r,r'e rrcetl tu spce iiv Ihc
potential 7'(.r) irs rvcll as thc boundarr,conditiorr; thc bor-rrrtl

arv conditirrr-r carr lie obtained liorn the f.ht,sica] requirc-
nicnl of tlrc .s]-stcr'lr.

Su1-rposc e particle is brlr-rrrd state to arclrtncl rrf attmction
by tirc harmonirs t'rscillator (,osine asvmntetrrc ptttrntial (see

Figure 1):

7j (x) = lt ,utrt + i.r + d cos (I.,x) , (t) (a{):
(e)
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{a) En =-0.562660496449,c * 0.4,n = 8,1 = l0.0,anrll * iJ

-4-?A2{
x

(h) lln = -1..1j:r9;lltiltig:. r v r].'tr, rr = l{}, l, * tU.U, rntl rr * 0

24

Il,b = l0.0.tntln = 0

We can obtairr the fbrm of tl"rr tirne-indepe ndent SchriitJir.rger
qquation in tcrms of finite clilt'erencu by suirstituting (9) i:rto
(7), and rve get

V,,t=2V,-4/,-i

* iai)t (r - tt - J,-t - ta cos (bi)) y,,; {10}

-4-20?4
x

(di En =0.51231183500j, c = 0.2,n = 6,t,- u.0,rrndn = 0

-4

whrre i,r, = ni+ir Thc spccial potcrrtial givt:n bv hur.ntourr,:.q
tsciilalr.rr Cosine asvmmetric;rotr.ntral lras Lr*en nsrd i11

calculatins (10) in the ntathenriitir.a progrant (strr Section 3).

3. Nnmerical Shooting Method and Result$

\{e constrr-re t}re rrerr'variable tu be userJ in caiculating thc
{rtiunCl Stittt' enf rq\, cige nvnlue, rv1i.e iunf Iior-r, aprj tht, tinrt,-
indcpcndent corrcliilirirr tlr-ictiurr rll' the hlinl ort i cs osci ll irtiir
Cusinc asyrlrlctric potential.

-4 -2

{c) En = -2.26699.19,1

(e) [n=0.6(r4583592675'c=0.?,c-6,L= lt].0.andn= 0 (1 ]ljn=().75t.19-1ll1595,r=0.2,n=(i,b= t,l.0,irntl rr -1.]

crountl-stalt'enertv lvith I'ar.ving b = 14, llt, 1.1 hamrrrnics rtscillalor Cosinc a.svnrnretric polcniial.

q
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(a) En = 0.3-574206-l6tl9, Lr = 0.,J,d = 5, t,= i0.0, uii rr = 0

Phvsics Rr-search international

-4 -1 0 Z 4

J

ii') tn = 0.:S;..llDr,j-l2l{., -. r,.4, rr ;, t, -. Irr.(r, ,rnrj rr (r

Tlre logic uf tlrc nurnericnl shooting rnetirod e\,.irluation of
energy eigenvalue, eigenfunction, irnd tirre_i ndependent cor-
rclation lunction for the harnronics oscillator Cosinc asyrn-
rrretric potr.-lttial is as fr:llolvs.

(i) lnprs1 values i,,,,,, dtrd i,,,,," in rnatjrcnralica pro-
granr 1-trr llrc harnrunics oscill;rlur Cr_rsrne asvntnrlLric
porential.

il
6.+
;!

i

i 0.3
j1

r' o.z

0.t

ii 91il
i"iI o.s

j4

0'= I0.0,andI={)

r{.d
,ll -Lvf t

{c; Ett='l-129409700958,r'=0.:r,r:r= 5,t,= i0.{),anrl n=.: r!) En=:1.r-r94r59,r0174,r = 0.5,d = 5,{,* iu.0,,rndn = 2

(rr - 2) in cts* 0l thc Ilarnltlttit-.s uscillator Cosinc {svrnrnetric potcnti*l rr,ith i.ar,virrg c = 0.3,0..i,0.i.

n1
!

/ u.l

lci lin = 0.t974206ti(-459,.

(l) in,in is the start position in the anal-vsis ranre.

(2) {n,0" is the ultimate position in the anal,v*sis range.

(3) i i.s an-v position in thc analvsis ranpic.

{4} rar is a nurrrher ofvery srrrall bars in the analysis range.

(5) Ai is thr length oi vcr-v snrall bars sri ihtit

l!
,1 i - 

\lllil\ \rrlrl)

t.l It
(jl) (ii) iriput thc periotl .lrrourtt.

{iii) Input {10) inro rnathilmatica lrr(}grarr.

,a=5,b=j[).0,lntlr*]ttl) lln = 4.j99.106

/ll!
tl

r0.

*9

15, t

0.

0.

io.
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i -,r 0.3"\
\0.,

{ b.r
a:

(a) En=2.3314150a9711,r: = 0.3,n = 5,b = l0,rndn. l

{r,) lia = 6.19047:5.10201, e = 0.4, rr = 5, D = 10, and n = -t

Frr;u nn 4: Pktt of the wavc tunction frrr thc lirst excited-stirtr- cncrg,v (n =
oscillator Sine asvmnrctric potcntial *'ith varving c = 0.3,0.4, ().5.

Find the initial value lbr calculatiun. Input the initial corr-
dition by sctting vrl = 0lor thc position iurprisons and sct
dtyldi = I from the slope ofpositions 1 and 2, so that

* ='/r:-v, ==+ q,,, : [i. {r2)d4 a{ ur

By inputting y, and V/2 as trvo initial values lbr calculation,
we cirn find yr. tronr (10). ln the same r."ay, we can fincl y,
by.substituting yrr and yr, irr thc equation. As rvr' keep duing
this, wc can llnd yr,, (srre Figurc 2 in [12]).

(i)'Ihe ncxt task is to calculate wave functiou in (10)
(Vi.,) so that it approaches zero as closely as desired.
Norrnally, we assign a small valuc as thc standard to
rnake sure that wave function in (10) gets close cnough
ltl z.ero. For exanrplc, if lV,,,l < l0-(', rve stop

:
_A !

1'

-0'2

-0'3

ib) En = Lltil415104498, r:

.i,

{di Ln = r'.2604444t7595, r' = 0.J, a -,' -t, l, =. 10, and n = .l

(f) Fn ,- 6.1005276"1391?, c ; 0.5, d il 5, L *

I ) ancl thc third cxcited-stxtc cncrgy (,1 *

-0.t

-0.2

2,/
xi

0.2

0.1

10, antl n ,- 3

3) in t:aso of tlrr: hirrrrronics

thc talculation and acccpt tlre final erlergy irs thc
nurnerical soiution.

(ii) Plot the ws1'g furrction bv thc graph relatrd to i.

(iii) Plot the rvuve function that is normalizt'd b1,the graph
related [o i.

(iv) Ptot thc probabilit), of thr avcraqc atortric rlensrty

ii(x) = ;y'(x)l: tbr the harnrr,>nics oscillirtor (iosine

asynrrnr:tric potential.

{v) lrrput values {,,,,,, ilnd {r,r* in [he mathernatica pro-
g,ram for thc harnronics oscillator potcntial.

(vi) tnput equation Vi,r = 2rfi-V'i-t-(Ai)2(e-t2lV, intg
thc urathcrnatica prograrr lbr ths harnronics oscil-
lator potential.

(r,ii) For examl:le. if lVz(.r)l < l0-6, r+e stop the ev*luirtion
and accept the final energy as the nur'ncrical solution,

-0.3

({i En= 2-171.115559942c =0.5,4= 5,ll= l0,antln = I
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0.000
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(a

Uq

U

id) (,'{S.)

0.00 r5

0_00 t0

0.0005

5

10, rntl rr ., 0

(viii) Plot tlrc ir,ar:e lunctirrn that is uormrlized tirr thc hlr"-
mouics oscillator poienti0l bv the ertph rulated to i.

(ix) Plul the probabilitl oi the averaql alorlie dr'nsitr..

iiiix) = lV,G]P fbr rhe l.rarnrt,nics oscill:rtor putenrial.

(r) f'lot thr: tirrrc-i rrcirpcrrdcnt al,oll ic dcn.sitl ll rrctualiou
0ir(x) = ;'i(.r) - fr(.r) [l('] bv thc graph relirrecl re i.

(xi) Plot lhr: tinrr"inde purrclrnt corrciation furrctiorr
( t.i, it =,5,'tr-),i"t.11lr''^-L',ii f ifOj

4. Conclusion

ln to:r":lusitrrt, rlc thcu rcprcscntc'ri thr' nre thtirl bt rtbtrrirrirrq
Iturtte lical srllutiort of thc one-dime nsiorral harrttortic oscilla-
Ior', pe rturbcd ilorn a se t of lhe (losinc asvlnr'r'letric potcntials.

0t2

, 0.010, (1,5) ,, -0.t]fl4. ,

2.1
Dist;rncc S

-0.1rr)rr7., 0.1 a {i, i,' l.l,.rnri rr , l}
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0.0000
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Distallce S
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(a) t;($ = 0.003(i,L{S) = -0.0014,c = 0.:l,o n 5,b = t0,irncl n = 0
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Distance S
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Distance S

(c) Cj(S) - 0.0085,C(S) = -0.0055,c =0.5,a= 5,0 = l0,and n = 0 (d) C($ =0.0012,L'(S) = -0.002,c = 0.3,a = 5,0 = I0,andn = 2

0.006

q

0.004

0.002

0.000

*0.002

-0.004

ftcunt; 6: Scltcrnalic rcPrcsctrl.atiorr for bchavior of thc tinrc-indepcndent corrclation lunction lbr the grtrund-statc cncrgy (n = 0] antl thc
sccond cxcitcd-statc cncrgy (n = 2) in casc ofthc halmonics oscillator Cosinc asyrnrnctric potcntial tvitir varying c = 0.f,-0.4, 0.:.

23d56
Distance -S

(c) O(S) =0.00s,C;(S) = -6.69-15,c = 0.4,rr = 5,L = l0.rntl rr = ?

In our calculation, we can obtain thc tinre-independent cor-
rrlation function correspondillg with the Green tunctions
tcchnigues [16], Although thc numeriral shooring method
does not use conrplicated fornrulas, it requircs much lcss
conrputational eftbrt rvhen t-.ontptrred to the Glern tun.:tions
techniques. Grncrally, rcgarclcd as one olt thc most cllicient
r'nr'thods, the numerical shocrting nrcthod [12] gives very
accurate results because it integrates the Schrdinger e(luation
directl5 though in thc nurnerical sense.

0r23456
Distancc S

{l} L'(S) =00065,(i(S} = -0,00115,c = 0.5,rr = 5,ll = !0,antln = l

In this case, tht'wave function olthe harrrronics oscillator
Cosine asvmmetric potertial is different liorn that iu case of a

tvpical harnronics ose:illator potential (7"(x\ = (ll2ll,uozx2)
(see Figures 2-4). ln this casc, the time-indr-pendent cor-
relatir)n lunction (C(S)) ol"the harnronics osdiliator Cosinc
asynrnlrtric pot(ntial via nun)t'riral shooting method and
thc inturrsity corrclatiorr cxperilliultt b,v rclut'crtcc 123] havc

the samr ilpp{.lrance (sec l:igr.rres 5-7). Frtrnr [:igurr.s 2(a)-
2(c), il the valucs ui thc aurplitudc barricr potelltial il
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l0,antln= i

4a)

U

012345
Distirnce S

(c) (.i.\] -0.00,,1.(;(.s) - -0.uil5,r. = 0.5,a = 5,L = t{r.,rntln = I

0.004

0.002

0.000

-0.002

0123456
Distance S

(c) tl{.$) = 0 00,1-i, (,(.Si = -0.{X).},.- - 0.i1, dr - 5, i: .- tg, rnd rr = _i

012,r{5
[)istanct S

1d) (.'i,\^) = il.rl0-1J, r.'(S) ''- -0.(r012, r -- (i.,i, rr =, 
-r, l, ,, I(1, .rnrt rr

0.006

0.004

0.002

0.000

-0.00:

(l: (

?-1.+56
l)istancc,S

= --0.0{t.1,i.,, {).i;,rr .,5.1 - Ir),rrtrlrr = .i

I) anrl tltr'tltirli \r\citrll :txlrr,ncrg\'(l ,.' lll:tt;une 7: l)krt ol'tltc titlc-intleprntlcnt .:orrL.latiun liruction lirr' [lrc' [lrst t'r:citctl
irr casc o1'the hrruronics uscillatur (losinr"'asym:ItIrir: 

]rotcut jirl \viLh virrving (

inclin*, thc grourrd-stitte cl'lrrrtlv rigtrrvnlr.rc.s (tln) lussrrr, hut
the amplitudr oi thc rvlye tunction has sup;rlglnrrtt and
in figures 5(a)-5(c) the va|,res of the rime-inclependenr
correlation iunr'tion (C(S)) (part of positivc) inclinc and
the ti m g- i ntk pcrrtient corrclat j olt function is un clcrrianrped
nrotion. I:ronr Irigures 2(d)-2(f) if the values oi tr ir.icrciisc,
the gr:r-runtl-statc cne r.qv cigcnr,a)ues (Eu) hr:.vt suPplcrtrcnt,
but in Figurus 5(d)-5(l) the values uf the linre ,irrtlepcndenr
crr rrel'.rt ion fiuictiurr lessen.

.i.\r = li l)t)i5, (lt,S')

sLiltccilcrl{v(il -
= 0..t,1i..1, {}.5

Frrrrrr [:igurcs 3(a)*3(f), ii' the vulr.rrs o1'tlre c pnrilr]lrte I
incrcasc, the gror-rnd-state (n = 0) irncl tlic sccond excited-
state (i r - 2) enelgl, *igenvalr-res (lin) lessen, lrut in Figr"ucs

6(a)-6(i) thc value s ol' thc tinir,-indcLre ntle nt corrrlal i()n
lunction havc supplunrcnt. Front !'igurcs 4(a)-4(f), il rhe
rraluc's of the c paranreler incrcase. the first exr:ited-stirtc
(rr = I ) arrtl Lhc lhiltl c.\citccl-stiltr (r = -r; clte rg,y cigc,nvillucs
(Err) lcssr:n, br.rt in Figurcs 7(.a)-7(f ) tlrc r.alucs ()l'thc tltic
independrrrt r-orrt'llrtion [ur-rctiritt iruve suppierncl]t, Irullt

\
\

\

I



Physics Research Intemational

(a) dn(x) = 0.I0, dn(x)
a=0

tt, lt - 10,.: = 0.4, rnd

!

-o.osi

tl') r)n(x) = U.ll, on(x) * -0.U7, rr

n-0
IU, L =. lU. r: = ti.4, lntl07,a-

t5

I

Ir
;i

0.

11lt
iio.rl

(c) rtrr(x) = 0.l3,rln(x) = -0.08,a = lZ,b= l0,i = 0.4,arrd
1={)

-0.02

-0.04

(c) drt(x) = 0.035,t1n(x) = -0.035,a = 6,lr = 18,c = 0.2,antl
n.0

Figures 8(a)-8(c) if thc values ol tl.re c, er, atld b paranreters
increase, the tinre-independent atomic density iluctuation
(6rr(x)) for tht ground-state (n = 0) has supplenrent.
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