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AR ICLE INFO ABSTRACT

The effects of strain ott nechanicallv deformed graphene are detemrined Lry looking at how the strain
aflects the anrplitude of the Schwinger two particle pair st.tte. The influences of the la[ice distortiol]s,
such a5 isotlopic tensile str;lilr ri.,, shear strain r',r, urriaxial arrlch.rir straitl r'.,,, and zigzag strain c.,. on
the photon crnissiolr spe.trui'n have been analyzed, We find that the intensities of the emission increases
or decreases whclr compared to those of the unstr.rined gr.rphene, depending on the type of strain ap-
plied. Thus the structure ofenergy band, the frequencies ofthe photons and the emission sl)ectrum can
be controlled by use of the cliffc.r'ent stlains.
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1. lntloduction

Glaphene J1,-l"l is a new material having fascinating properties.
It aflr:rs a challenge to both fundament.rl and applied sciences.
Manv of its properties can be engineered to create novel physical
scenrrios in condensed matter setting: its chiral and Dir'.rc-like
energy dtspersion relations close to the Fermi energy leads to
Kleir: tunneling {-}}, Veselago lensing j4t and pseLrdo-magnetic
fieltir lirl. 'lht last leads to plorniuent platfornrs fbl ultrafast
photonics and opto-electlorrics i$-81, etc.

Other interesting properties occur when stlains are applied.
l'hese occur when the crystal is compt'essed or stretched oLrt ol
equilibrium. Tlre resulting stifTness tensor provides for a con-
stiturive relation between the applied stress aud the final strain
stat(r. 'fhe strain can significantly affect the Fern'ri line, e.g., de-
fornred florn the isotropic circle tow"lds an elliptical shape. 'fhe

low"energy electronic propeltie$ al'e then described by a gen-
er.rlized two-dinrensional Weyl Haruiltoni.rn with two Fermi ve-
lorities, clelined .rlong tlre plincipal directions i!)1. Arrother effect of
the distortion of the crystal lattice is thdt the Dirac points are

clisplaced fi-onr the conrers of the urrsrrained Brillouin Iltij and
produce a gap in the energy dispersion when the order of strain is
) not

Recenfly, the optclelectronic ploperties llu-12] of graphene
have been stuclied using a forn-rulation based ori treating the BCS

state as the result of the creation of an electron-positron pair. This
corresponds to the use of quantum electrodynamics as ionnulated
by Schwinger llil. We use a genetalizc'd two dimensioiral Weyl

* iorresponcling authc,r.
l-nroil cddress: ll.ii..1i)!t'i.il..:i.lir 15. Boonchuil.

l:i I I 
': 
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o92l 45:tii.20l5 Elsevier B,V- iul rights reserved.

Hanriltonian to describe a mechanically deformed (by pressure)
graplrene sheet. The .rmplitude of the Schwinger pair c.rn be

modified by applving a strain to the graphene.
The paper is organizecl as follows: we begin witlr a theoretical

discussion of the Wevl-Dir-.rc Hanriltonian when the graphene is

strained by a ter-rsile isotropic strain. a shear strain, a uniaxial
.rrnrchair stlain or by a zigzag strain. ln S*ctiurr f, we determine
the intensity of'photon emission on the graphene's plane fol each
angle in Schwinger's pair creations, obt.rining the et{bct <if de-
fornrecl l.rttices. We show the resnlts of the calculations in Sre tio;r
3. Finally the lesults are discr"rssecl in S*ctir,r;r 4.

2. Asymmetric Weyl-Dirac fermions in deformed graphene

Our fonnulation tal(es into .rccount the effects of defonning the
lattice. 'Ihis will lead to a modification r:f the hopping. Modifica-
tion of the hopping enelgies between difl'erent sites will in turn
leacl to new terrrs in tl're oligirral l"[arriltonian in the tight-bincling
formulation:

where 4; is the ith nearest-neighbor vector ol' the jth atonr, ancl

f (l'1 l) is the strained hopping energv due to strain. Tlre length ancl

clirection of the thlee nearest-neighl)or vector .j tlansforrn urrcler

slrain accolclir',g to ix - tf + e 1..tr-o where.ts represents c1 nealest*
neighbor rrector in the uon-deformed graphene plane, ancl u is the
slr.rin teusol il;1]. ln C"rltesi.rti coordiuate system, we asstlme the

H = - I r1r.jn16,*$; * 6, A l,
(ii) (1)
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(8)

(9)

x-.1xis is along graphene armchair direction and tite -l,-axis is along
graphene's zigzag (ljig. i). ln reciprocal space, the variation
of hopping energy iryith inter carbon distance is

t(l.t l) = fo exp[ - f (tijtla - i)] wirh a = 1.42A being the un-
strained nearest-neighbor separation, fo = 2.7 eV,and lJ = 3

it5,1til. The lropping perturbation {tt can be obtained by exirand-

ing ttl,tri l) ancl keeping tlre first orcler:

r(o + aa,) = to(r - (/,io)(t(l + €).tl - rdorl), 
{z)

with Adx being the variation of bond length. By introducing
Fourier transforrr of the creation and annihilatiolt operatol's

4 = Ia"ein-'rs/JF, 6 = f Ar,rni'*.i',d7./N,
0Q(3)

the Hatniltonian ii:l" I, l) in the reciprocal space can be rvritten as

H:

where Q is a wave vector in tlte first llrillouin zone and ,H is a

tensor given by

o t(o + ad )e-'dti

Ad )eiQ'ti 0

By expanding e-ia dl with respect to r:1 and keeping only the flfsr
orrler terms, we obtain the following single particle Hamiltonian
ne.lr the 3 points:

As we have sec.n, rhe Weyl-Dirac Hamiltonian is clescribed by the
velocities i arrA d which are clefinecl in terurs of fbur elenrents of
the strain tensols, r'.{\, cxy, r',,* and t:rr. Those velocities reduce to
fr = 10, i6) and E = (w,0t in the case of vanislring strain. Eq. iiil,
tlrus, lrecomes the Dirac Hanriltonian with the pseudo-vectol
potential [* given by

f'-')) (10)

The reciprocal space is shifted lrom tbe traditronal Dirac points.

The nature ol tlre contouls ofthe sttained band structure has been
discussecl in ref. l lir]. For non-uniform strain, the Land.ru level
structure is described .rs one modified by a non-unifblm effective
nragnetic fielcl f lBl. For strougly defornred lattice i l5)], the eff'ect ol
hopping mechanism for next-nearest neighbors leads .rnti-svm-
metric propel-ties of the energy sllectrurn to around zero energy.

ln this paper, a nroderate defornration, le I < 0.2, is assumed.'l-his
allows for linearizarion ol the hopping energy "rround its non-
delbrn'recl vahre f, and dtlaa ^ - 5 eV/A. The essential point of our
.rpproach is that the unifbrm strain in the graphene lattice is

cap.lble of changing the velocities f 's . ln c.rse of uniform strain,
the pseudo-vector potential appeared in the Weyl-Dirac equ.ltion
is uniforrn and then there is no pseudo-rnagnetic field pre'serlt

(B;,. : i *in*).'rhut the optical property can be controllecl ty
the meclranical strains. Tlrr.rs, this clraws our attention to the de-

formation of Fernrr line fi'onr the isotropic circle to an elliptical
shape due to the "rpplving strains (l;ig. "l). Each item in the figure
shows tlre ellects of diffelent types ol strain on tlre sh.rpe o[ the
Fenni line.

'l'he gerreral solution of the Weyl-Dirac equatiorr, Eq. i$). yielcls

the energy dispc'r'sion:

f 1ft; = xtr (11)

where x = + 'l plays the role of the band index fol positive or
negative eflergy, i.e., conduction or v.rlence. Analogor-rs to tlre
spinot the two components eigenstates can lrc written as

'H -, ni,To,+!io,";.-:-c

,r=-,,(1p,,,-#,-)

ul = ,t(r - ]1,,."" 
+ 3eyy) -

and

ui = u,. (r - f/r,r.^- + ey), ) +

ra r,.ir> : #(.-':,n,)

2r
3J3 "

2z\
t 5€w )'

vl =_vr[]r,.,, _ #.,)

(4) 4," :Tf((#,* * {<,^-.,,,),(#*.3,ad 
6;,"[;J,

(5)

(
,H=- t I2t

;=r,r,3 
[rro +

This is the Weyl-Dirac equation for tlre delormed graphene where
d/' $ are tlre Pauli r"natrices, i.e..

" = (? ;) "': (? ;'),

arld rhe 2D-velocities 3 = tui,v,f t is defined by its components as

rvhere o(f,) -,.n-'(G tlfi d), ."a i is clefineci as the inp/drre

component given by

(12)

[ = k. (cor 4i.i + sin 41ir. (131

Since Eq. i'l i i is the equation of the conic section of an eilipse.
Therefbre, the seriri-majo[, /,,,o, .1nd the senri-ninor, /'mi, axis-

lengths are respectively given as follows:

(6)

0)

r{
04

N

Armchair direction

fig.1. scheinatir of graphene ailuchair and zigzag directions
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where y'r. is tlre augle' between the major-axis ancl kr -axis given by

0.00 0.05 0.10 0.ls 0.20

strain e

found that tl"re Ferrni line delblms lrom the isotropic circle into an
ellipse. The r'€isons for such defcrnn.rtion can be given .rs follows.
In the seemingly elementary cases of shear strain, unraxial ar-m-
chail strain, and zigzag strailt, the ellipse results fronr the clrange
iir opposite clilection of reciproc"rl l.rttice par.rneters agaitlst the
real lattice parameters. Since these straius always cause the stretch
in one direction .rncl the contraction in "rnother perpendicul.rr di.
rectioll. Thr.rs, tl're circular Fermi's lire is delormed into the ellipse.
On the contraly, the tensile isotropic sfrain stretches the graphene
sheet in both ,r .rird y clirections. Neveltlreless the nealest-neigh-
bor vectors (lo not exteud in the sanre |ate dr,re to the natllre of
honey-come lattices. This brings on anisotropic shlinl<age oi tlre
Brillouin zone and,.rlso, results in the elliptical Ferrni's line near
the Dirac poiuts.

3. Electron-hole recombination rate in graphene under uni-
axial strains

To deternrine the angular dependence of the intensity of the
Schwingers pair state, we consicler the electron-photon coltpling
in terns of Feynman cliagrarns of quantum electro-dynamics i i{)-
I2l. we incorporate the electromagnetic fielcl through tlre mininral

corrpling n-n - eA i c, tleating tlre n€w vector potential terrn as

a quantized perturbation ttnl in the full Harrriltonian:

where 0(i) is the two-con)ponent spinor written in terms of the

destruction icreatron) oper.rtor ffn fdJ l. the energy eigenstate

lft (h)), and ./(z), wirich is the confinement wave lttnction ol an

electron in the graphene:

0.00

rveb vrisiorr 0f tlris paper.)

r" = 
{[UhJtr,,,,, 

+ v2vvil cos

^ = 
t[thlt 

- 2{r'ivi+ v/vi'1 cos 4t sin g + (v!)2 + (vt}2) 
'

cosl 
.,[ 

+ (rrf r] + tv2v'irrin' ,l ']

+ (vj12lcos2 41 +((yfv)2+rv2u)2tsirr2 d,l '

4 = 1 urctan

- =(; ?)

((vj')z + eI )2t - ((vl )2 + (vzu)2)

2tvl vi + v)'v!) i ,,u,

Eqs. r'14) and (1:i) describe the changes in the semi-nrajor and the
serni-rninor axis lengths (Fig. -l) due to the distorted l.rttices,
tensile isotropic strain {t'ir). sliear strain (e',,), and uniaxial arm-
ch.iir straln (co,), ancl zigzag strain (e'".), respectively:

.", = (; -1,)' * : (-;,. :) (,7,

r,vhere , is Poisson's ratio and s is a strength of the str"rin.
We now take a closer look at the ch.rtrges ol'semi-major. r,,,n,

"rncl 
the semi-minor, 1rni, axis lengtlls as a functior-r of the strain

parcrDeter. r', for each strain tensors. As showu in ['ig. l:), the gra-
phene sheet is ditTerently detbrmed uncler sheat' strain, tensile

isotropic strcrin, uniaxial armchair strain, ancl zigz-ag strain. We

." =(: ;)' " I t - , -' l.-
n = 

,,4, /ai;0'';rl ',, [-ini - lRri',)"l0,l' = Ho - tt"r 
(i8)
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1 ,,, qr1 , (19)

where the subscripts c and , respectively stand for conduction and

valence bands. The vector potenti.rl it?r is given by the mode
expansion such that

0<?t = 
? #,4r.r 

(dr).'[ r-',"' * 0*, x rFrl

a'tir = 
F: ffi tW,1 t1 eiE i -i', t + 6[ ,t, e-'& ; *iu 

'1

k7 : (sin q cos (+, sin Q sin (h, cos q),

e1 = {-sin ,4, cos ,4).

I). latrbantai et al. ,i Physicc lJ 472 (?015) I'1.-90

(21)

(221

magnitude (r+./cP. The very small ol vF i c, - 1 /300, is responsible for
neglecting tlris terrn and higher order terms in the calculatiorr of
f*y. ln the simplest approach, the electrcn transport is purely
ballistic process, thus neglecting impurities. lt is able to get good
agreenent for near z-ero temperature {-:t"{}}, For a deeper analysis,
behavior of the conductivity and the number of electron-hole
pairs in the various regimes at finite electric field f was discussed
in ref. iJll. We, next, consider a process that creates a valence

electron lyry(t)) o< lx, (ttE)) {(in the valence bancl) ancl a photon

uxk; ) with polarization Q whereby destroving a concluction elec-

tron lv4 (t)) * le (ftfl l) (in the conduction band). To c.rlculate the
diff-erential rate d.G-n olthe process defined by Eq. (?4), we insert

Eq.:25) into Eq. i2.iland then nrr,rltiply ty dzi, dzfi:

,r.." =f J"l 
'l 

ht|.l+..rn r[rrl -nrrk-r rr(l .ry,f,. 1,
|l. zr.i u'k /

(20)

where 64, tds, I is the photon annihilation (creation) operaror and
j indexes the photons polarization state, E is the relative perrnit-

tivity, y is the normalization volune, ancl q = .r[ r. W" clefine the

direction of radiation [, ancl the polalization unit vectors, 6t(2r, as

lollows:

and

4 = (-cos q cos 4)/,- cos 4 sin ,4, sin q), e3\

where $ is the azimuthal angle, and 4 is the polar angle.
The transition rate ,ti--1 wirich is the rate of the transition ftclm

the initial electrorlic state lu{ ) into the final electronic state tv, )
owing to tlre electron-photon interaction. It can be obtained from
the standard arguments of Fermi Colden Rule:

r , =fti<wr(t)lY(f))12,

wlrere

(yz1 (r)lP(r)) " # I' dr' (rs1(r')rEnt ( r'1ht4tt'),.

(26)

The distribution of the energy eigenstates of the electrons in
conduction and valence bands are given by the Fermi-Dirac dis-

tribution functions. n^ tf, ) ancl nr q{ ) are rhe Bose-Einstein dis-
tribution functions. The photon enrission distribution radiated
from the surface of the sanrple is characteriz-ed by the angular
matrix element, i.e.

|. _ _ -t - -.
x 

fau,ur 
+ ha, - huy tr2tk, + lc,. - t<.tla'zn a3U,.

^rtq, 
d!,,) = +) l",n ttf,,or.t1a tk rll',

(24)

(25\

127 t

and &(k) alrd I - nulku; respectively .rre the number of con-
cluction electrons and the number of holes. lt is obvious, from Eq.

i26), lhat the recombination rate is proportional to the nurnber of

conduction electrons rt (d I ancl the numbel of holes t - n" tk'" l.
In evaluating Eq. (.?{:ii, we must keep in mind the ener€y con-

servafion and the momentum conservation requirements. Those
are

Otrr calculation is based on the simplest tlee-level Feynnran dia-
gr"rm. The vertex connects a photoll with two electrons by means
of Fermi golden rule. However, the second order term, corre-
sponding to two-photon emission process, lras an order of'

E"(k")=E(k)-iclk/1,

and

b

(28)

a

w
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k" =k-k,

where (r = e2/fic clenotes the fine-structure constant, i.e. an unit of
optical reflectivity or transmission magnitude [22]. Here k]i"s are

the photon momenta satisfying the enelgy conseruation and the
momentum conservatiol"r conditions, given by

-B+lE,-AAc -B- lBr-4AC

I n. tA l<t - no (Eu )Xl + ry (k;itDtkli\2,
i-1.2

. kl"=

P. FLltlbonrai et a!. I l,hysico ts 172 12015) 84-90

129)

(30)

(31)

(321

wherc' A, B and C are defined as lbllows:

A: - c2 + (vf vlv + vtv/l sin(2(p)sifi Al

+ (tfvil'z+ (vi')2) cos2 ,4 + 11v{'t2 + 1vl;21sin2 ,h)sinz q, (33)

(34:1

r2
c = - + + k.2lvf vJ' + vivt) sin(214 )+ k.2(tvf)2 + (vt)2)

cos2 y'6 + k? (vi )2 + (vt t2) sin2 ,4. (35)

Photon wave veclors kjtl and kj2)arising from a particular strain
profile obey the following linlitations:

where klor is a pl-roton wave vector for unstrained graphene wliich
was calculated by Mecklenburg et al. in l{ef. I l0l. lt has the
maximum value at 4 = 41.

Let us consider thc' analytic expt'essions for the elfects of the

lattice distortion on the photor.r wave vectors kjr) and kj2r (EO.

{l:i)). For numerical calculation,we assume a perfect population

where k, is the photon nlomentum parallel the graphene planc".

Note that in the integration procedure of Eq. i2fi) we use the
relation

Ddtxrr: 
T E*.\t,- - & ):/(r )= o.

ld& I

We can define fhe st[ain dependent photon emission rate, which is

propositional to the radiation intensity, as

d4 :e) - -{ ,? \ u,,oT ="1;;1*u4'dt''t

B =+ - 2k sin rl(rt"ir, + (vj)z) cos lt cos 11 + (1vl\2

+ 1r'2'y2)sin 4 sin (+ - (vivi + v)vltsint4 * + l),

t,rli -''/ - 2Au
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inversiotl, tlc : I and nr' = 0,and a conduction electton encrgy
/ra1 = 1 gy. We first look at the effects of the strain teusors <ltd
their strengths on the magnitlrde of photon wave vector kru, (per
unit k0 = a1/c ). Fron-r the nurnerical ev.rluations with tlte srrain
parameter e e [0, 0.2],we fbund that in case of uniaxi"rl armchair
strain k.111 c.rn be eithel positive number or negative number,but
the lattel is not allowed,while it is only positive nunber other*
lvise. ln addition, kjl)- 0* for both armchair strain and shear
strairr .rs tl"le cases. 

-fhese 
are the reasons why these cases are not

shown in Fig" il(a). The strain dependencies ol kjr' arid kj2, .rre

shown in 1;rg. .1. For tensile isotoltic str.rin. kfl) increases from 0 to

0.15 (a.u.) and k)2r decreases from 1 to 0.2 ia.u.). The photon
emission intensity appears to be reduced as increasirig r. Fot'shear
stlain, kj2' slightly clecreases and so the photon emission intensity

tends to be constanl. lor uniaxial zigzag strain, k)ri increases fronr

0 to 0.05 (a.r,r.) whele.rs k)2)is constant at 1.'l-he photor"r emjssion
intensii-v tends to increase, slightly, .rs increasing r'. For uniaxial
armclrair strain, kj2' increases fiom I to 1.8 (a.u.) which roughly is

tlvice its iuitial value. Thus, the photon enrission intensity in-
creases as increasing r:.

Second. we deten-nine the directions that are attributed to the

racliation rrrucles i1i;'5. There ale two contributions fronr It, ..,n.1

iilt' modes to the iutensity. We clenote the intensities contribntecl

from kj') as /i'r. Since l(ii is propositional to lkji)|2 the direction at

0.20

0.t5

0.10

0.05

0.00

w,hich I'ir reaches its maximunl can lle determined by the condi-
tionGk;i)ldilt^=,r,.;L : 0.We found, from tlie numerical evaluatioll,

tlrat r/ji,f, =,b,*Lt i. Furthennore, there .rte lhe rotations of the
t'adiation directions caused by the applied strains. The rotations of

k)" and kjr) radiation nrodes are both cloci<wise rotations witl"r
respect to ry'. due to rensile isotropic str.rin and uniaxi"rl zigzag

strain. Also. the racliation direction of k*;2' mode is clockwise ro-
tation when she'ar striin is applied to the graphene sheet. Sur-

prisingly, when the armchair strain is applied the rotation of kf2r

nrocle is counte|clochwise rotation, see l ig. ;1(a)-(c)--fhe influence
of strains to the radiation directior-rs is sl-rown in lrig. .1(d) and (e).
Moreover, since lk)l)12<lk12'12 the direction of trital raciiation call

apploximately be iclentified bV ill,'?j".-fhat is .4"0" = 4{fl,
Finally, we considel the relalive photon emission rate in the xy

plane compared to the unstrained distribution of the Schwinger
pair cre.rtion. For the ilnstr.lined c.rse, t = 0, the photon emission
depends on the azimuthal angle 4 nreasured from the arrrchair
directinn of graphene sheet silrilal to the radiation fLonr ac-
celeratecl charged particles, as discussed in ref. fltlJ.'l'he relative
photon ernission rate, which is propositional to the rrlative. ra-
diation intensity, is given by

dt'kh. e) dt;-, 1t[, tt dri-,kll,0))
der=d{4-dt4

Fi;,:.5 shows the relative intensity, obt.rined fion-r Eq. i.:i7.), as.1
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function of the strength of the strain e and rf . lt clearly shows that
tire appliccl slrear strain and terrsile isotropic strain sotien the ra-
diation intensify, Fi,il;.5(a) anct (b)- In conlrasl, the uniaxial arn:-
chair strain strenglhens the radiation i[rtensity, Irig. liic). Sensa-

tionally, the zigzag strain can aiternatively induce botl-r ir-rtensity
softening and strengthening. This de1:ends on the stretlgth of ap-
plied strain. The intensily strengtl']ening is in the strain range

d(+r € (0, 0.13) while the interrsity soflening is in the range

e{-re (0.13,2), approxintately. To simply illustrate the time scales

r: f (e)-l for decay spontaneor"rsly emission in electron*hole re-
combination, we numeric.rlly integrate Eq. i:iil over ":ll directions

of [i. sin.e Ilklr'1' tr fairly unifbrm functior.t of 4 the superb resull

can be easily carried out by fixing k,1": k,j"(,rno" ;. We approxi-
mately obtain

modified hopping energy and to shifts in the lattice points. These

ilociifications are freatecl as a slowly varying perturbaliorl to the
Hamiltonian. We find that the corrections to two velocities can be
described in terms of fbur paraneters rvhich clepend oil the stfain
tensor e'. For strains of the or:der of 20,"i5 the Fermi line is defbrmed
fr-om the isotropic ci:'cr.rlar shape to an elliptic shape. It is also
shown that the strucnlre r:f energy bancl, the freqirency of the
pholon and ernissiorr distribution can be controlled by the me-
chanicai strains.
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(38)

wlrere /b = AvTk&13"' ur, , and ;\ {(e) is the cl-raracteristic f'utrction of
the angular nratrix elenre:rt ior each type ol strains given by

zVt(e) : 663 + b.,2 + ce + d. (39)

The coefficienrs o, b, c, ancl d, for each str.rin, are given as follorvs:
o = 0, b = - 20.52, c = 2.45, and d:] lbr zigzag strain;
a = 174.93, b = - 68.46, c =2.96, and d:1 lbl r,rr"riaxi.rl armchair
strain; c : 0, l, : 0, c = - 4.768, and d:1 for teusile isotropic
strain: and a:0, b = 0, c = 0.59, and d:1 for shear strain. These

set fo|th that 
^1(€) 

is "r polynomial fitt.tction ol e with different
degreus for each applied strains. lt is quadratic funclion fol zigzag
strain. cubic function for arrrch.rir strain. and linear function fot'
tensile and shear strains.

4. C$nclusions

In this work, we have investigated the electron dvnamics ol
electr*ns hopping on the honeycomb lattice of graphene which
had Lr*en defornred. The underlying dynan'rics is governecl by a

nearert-neighbor tight-binding Flamiltonian, which for glaphenr:
is the Weyl-Dirac eqr:ations. Deformation ol tlre lattice leads to


