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Dear Dr. Supharakonsakun:

Your manuscript entitled "Empirical Bayes Prediction for an Attribute Control Chart in Quality Monitoring" has been
accepted for publication in IEEE Access. The comments of the reviewers who evaluated your manuscript are
included at the foot of this letter. We ask that you make minor changes to your manuscript based on those comments,
before uploading final files.

Please be advised that you are not permitted to add or remove authors or references post-acceptance, regardless of
the reviewers' request(s). Any request to add an author post-acceptance will be denied. However, we encourage
you to check the formatting of your references to ensure that they are accurate in terms of bibliographic details as well
as consistent with IEEE style. Additionally, please take this opportunity to improve the English grammar and check
spelling, as the article is only lightly edited before publication.

You can submit your final files through the IEEE Author Portal.

All files intended for publication need to be submitted during this step, even if some files are unchanged from
the initial submission. If you do not submit all files during this step, it can delay the publication of your article, or
result in certain files not being published. Please be advised that once you submit final files the article will be
considered published and cannot be withdrawn.

To assist you with preparing your final files, attached please find a Final Files Checklist.

Once you have completed the submission of your final files, the accepted version of your article will be posted Early
Access on IEEE Xplore within 2-3 business days. Within 7-10 business days the corresponding author will receive
your page proofs, at which point you can make minor edits as necessary. Once the corresponding author approves
the proofs, the final version will replace the Early Access version on IEEE Xplore.

For more information on what to expect after you submit final files, please visit our Post Acceptance Guide.

After you submit final files you will automatically be directed to the Electronic Copyright Form. Once the copyright
information is completed, within a few business days you will receive an email from Copyright Clearance Center
(CCC) to settle your APC balance of $1,995 USD plus applicable local taxes by check, credit card, or wire transfer.
Please note that once you submit final files your article is considered published, and you are responsible for
covering the cost of the APC. If you need assistance with the payment process, please contact CCC Customer
Service at IEEESupport@copyright.com.

Thank you for your fine contribution. On behalf of the Editors of IEEE Access, we look forward to your continued
contributions to IEEE Access.

Sincerely,

Prof. Haidong Shao

Associate Editor, IEEE Access
hdshao@hnu.edu.cn

Reviewer(s)' Comments to Author:
Reviewer: 1

Comments:

The novelty of the article is very marginal as a similar work is discussed in https://www.jstor.org/stable/25470976. The
comments of previous revision are not fully discussed.
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Additional Questions:

Please confirm that you have reviewed all relevant files, including supplementary files and any author response files,
which can be found in the "View Author's Response" link above (author responses will only appear for resubmissions):
Yes, all files have been reviewed

1) Does the paper contribute to the body of knowledge?: No

2) Is the paper technically sound?: Partly

3) Is the subject matter presented in a comprehensive manner?: No

4) Are the references provided applicable and sufficient?: Yes

5) Are there references that are not appropriate for the topic being discussed?: No

5a) If yes, then please indicate which references should be removed.:

Reviewer: 2
Comments:

Regrettably, the author failed to address the reviewers' concerns adequately. Consequently, | cannot endorse the
publication of this manuscript in its current form.

Additional Questions:

Please confirm that you have reviewed all relevant files, including supplementary files and any author response files,
which can be found in the "View Author's Response" link above (author responses will only appear for resubmissions):
Yes, all files have been reviewed

1) Does the paper contribute to the body of knowledge?: y

2) Is the paper technically sound?: y

3) Is the subject matter presented in a comprehensive manner?: y

4) Are the references provided applicable and sufficient?: n

5) Are there references that are not appropriate for the topic being discussed?: No

5a) If yes, then please indicate which references should be removed.:

If you have any questions, please contact article administrator: Mr. Ankit Srivastava a.srivastava@ieee.org

@ * Final-Files-Checklist.docx
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ABSTRACT A control chart is a valuable statistical tool used in production process control to ensure
that products meet quality standards. The c-chart, a specific type of control chart, monitors the number
of nonconformities or defects in a production process, thus maintaining product quality. The aim of this
study is to introduce an improved c-chart for monitoring nonconformities via the Empirical Bayes approach.
An exponential distribution, a special case of the single-parameter gamma distribution, is employed as
suitable model for this analysis. To calculate the control limits, the posterior distribution and the predictive
density are derived for the unconditional predictive density of the run length. The performance of the c-chart
is evaluated via the average run length (ARL) and the standard deviation of the run length (SDRL), with a
focus on Phase II analysis, where the chart is used for continuous monitoring of an in-control process. The
proposed method’s efficiency is compared with that of existing methods, demonstrating its superiority in
achieving large ARL values for an in-control process, particularly when the parameter c is between 5 and
15. The effectiveness of the proposed method increases with increasing inspection unit size, highlighting
its robustness and reliability. This enhanced performance highlights the advantages of the Empirical Bayes
method in control chart applications, providing a practical and efficient tool for quality monitoring in various
industrial processes.

INDEX TERMS Average run length, empirical Bayes, standard deviation of run length, predictive density,
c-chart, Monte Carlo simulation, attribute control charts.

I. INTRODUCTION inherent in manufacturing environments. Traditional methods

In recent years, quality control methods have become increas-
ingly vital for ensuring the efficiency and reliability of
production processes across various manufacturing indus-
tries [1], [2], [3] and healthcare monitoring [4], [5], [6], [7].
Among these methods, the c-chart, a type of Shewhart control
chart, has emerged as a prominent tool for monitoring the
occurrence of nonconformities or defects in manufacturing
processes. Developed for count data, the c-chart provides a
systematic approach to tracking the number of nonconformi-
ties per inspection unit over time.

Despite its widespread adoption, the conventional
approach to constructing c-charts often relies on assumptions
that may not fully capture the complexity and variability

The associate editor coordinating the review of this manuscript and

approving it for publication was Haidong Shao

for setting control limits typically involve specifying prior
distributions based on expert judgment or historical data.
This approach can lead to suboptimal results when faced with
evolving process dynamics or limited data availability.

In response to these challenges, the Bayesian approach has
been recognized as a powerful alternative to classical meth-
ods, particularly in term of statistical inference; it integrates
historical information about parameters through prior distri-
butions, making it beneficial in various contexts, including
statistical process control (SPC) schemes. This approach is
particularly useful in situations where prior knowledge can
significantly inform parameter estimates [8], [9], [10], [11].
Moreover, Bayesian methods have been effectively applied
in sequential sampling plans to estimate parameters and
construct control limits based on posterior and predictive
densities [12], [13], [14], [15], [16], [17]. The use of prior

© 2024 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

160784

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/

VOLUME 12, 2024


https://orcid.org/0000-0002-1673-6421
https://orcid.org/0000-0002-8018-1774

Y. Supharakonsakun: Empirical Bayes Prediction for an Attribute Control Chart in Quality Monitoring

IEEE Access

distributions, where parameters are known or estimated inde-
pendently from observed data, enhances the flexibility and
accuracy of monitoring strategies.

Conversely, when the hyperparameters are unknown and
estimated from the observed data, this method is referred
to as the Empirical Bayes (EB) approach [18], [19], [20].
The Empirical Bayes approach has shown promising results
in parameter estimation and classification research, demon-
strating efficient performance across a wide range of applica-
tions [21], [22], [23], [24], [25], [26], including SPC [27],
[28], [29], [30]. This method stands out by leveraging
empirical data to refine prior parameter estimates, thereby
improving the robustness and adaptability of control charts,
such as the c-chart.

Recent advancements in the Empirical Bayes methodology
have further enhanced its applicability in the SPC. For exam-
ple, Empirical Bayes has been utilized to improve parameter
estimation in sampling plans and other SPC-related applica-
tions [31], [32], [33], [34]. The incorporation of empirical
data into the Bayesian framework allows for a more dynamic
and responsive approach to quality control, addressing the
limitations of traditional methods. In particular, the use
of predictive densities based on non-informative Jeffreys
prior has demonstrated superior performance compared with
classical methods [35], [36], [37], [38]. This methodology
improves the determination of average run length (ARL) by
considering the run length distribution, which is crucial for
assessing the performance of control charts [39], [40].

Moreover, recent research by Supharakonsakun [46] has
extended the c-chart to the Bayesian methodology by the
gamma distribution to establish control limits. Supharakon-
sakun’s work compares the performance of the Bayesian
approach with that of existing methods and shows that the
Bayesian method offers larger ARLs and smaller false alarm
rates (FARs), indicating improved effectiveness in process
monitoring. However, challenges remain with large values of
the A parameter, suggesting that hyperparameter adjustment
is necessary for optimal performance.

Similarly, Bayarri and Garcia-Donato [47] introduced a
sequential, fully Bayesian approach to U-control charts, over-
coming the limitations of the Poisson model and eliminating
the need for a base period. Their work demonstrated that
the Bayesian U-control chart is a powerful tool for process
monitoring, highlighting the potential of Bayesian methods
for improving control chart performance.

ARL measures the expected number of samples taken
before the first out-of-control signal appears, thus reflect-
ing the control chart’s ability to monitor process stability.
It is often associated with a geometric distribution, which
corresponds to a nominal probability of 0.0027 that a point
will exceed the 3-sigma control limits, resulting in an ARL
of 370.4 for an in-control process [41]. A large ARL value
is typically desirable for processes that are stable and in
control.

The aim of this study aims to build upon the literature
on both the c-chart and Empirical Bayes methodologies by
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exploring the application of Empirical Bayes techniques in
enhancing the performance of the c-chart for quality con-
trol purposes. The proposed methodology focuses on using
empirical data to estimate prior parameters, establishing con-
trol limits, and computing ARL values through predictive
density procedures. In doing so, this study extends previous
work by comparing frequentist and Bayesian methods with
the Empirical Bayes approach, further contributing to the
Phase II analysis of process monitoring and control.

Il. CHARACTERISTIC OF C-CHART

In this research, the c-chart is employed to monitor the num-
ber of nonconformities in a production process. This type of
control chart is specifically designed for count data, tracking
the number of defects or nonconformities per inspection unit
over time. The c-chart is extensively used in the manufactur-
ing and service industries to oversee processes where defects
may occur, such as in product quality control, machine per-
formance monitoring, and evaluation of service errors.

To establish the c-chart via the collected data, the average
number of nonconformities (¢) is calculated. The control
limits of the c-chart are derived from this average. The upper
control limit (UCL) and lower control limit (LCL) are deter-
mined via the following formulas:

¢+3ve "
¢ +3ve

These limits help assess whether the process is in control
(within limits) or out of control (outside limits). The inspec-
tion unit size must remain constant throughout the monitoring
period to ensure accurate control limit calculation and inter-

pretation periods to ensure accurate control limit calculation
and interpretation.

UCL/LCL = {

Ill. RESEARCH METHODOLOGY

The c-chart, also known as a count chart, is a control chart
employed in statistical process control to track the number
of nonconformities (defects) within a fixed-size sample of
products or processes over time. This chart is designed for
count data, specifically monitoring the number of defects in
a consistent inspection unit size, such as per item, batch,
or area.

The c-chart is based on the statistical assumption that the
number of nonconformities follows a Poisson distribution,
which is suitable for infrequent events that occur indepen-
dently within a fixed area or volume. When inspection units
are chosen randomly at uniform time intervals, the count of
nonconformities in the i™ inspection is expected to adhere to
a Poisson distribution characterized by a specific parameter
¢, represented by:

—Cy Xi
f(xi|c)=T,xi=0,1,2,... yi=1,...,m; c>0.

(@)

In this study, an informative prior is utilized within
the Bayesian approach. Assume that a random variable,
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denoted X, follows an exponential distribution with param-
eter o, expressed as X ~ Exp(«). The probability density
function of the exponential distribution is expressed as
follows:

—ac

w(c) = ae ;a,c > 0. 3)

Supharakonsakun and Jampachasri [24] proposed the
Empirical Bayes estimator of A by estimating the hyperpa-
rameter ¢ via the maximum likelihood estimator (MLE) of
the posterior marginal distribution (see [42]). The MLE for
the hyperparameter c is obtained as follows:

N 1

UMLE = 55— = = )
2. Xi
i=1

The posterior distribution can be derived as follows:
L (c)m(c)
helX) = ®)

JL(c)m(c)de

where L (¢) denotes the likelihood function of the Poisson
probability mass function.

Thus, the posterior distribution can be expressed as
follows:

m
(m n &)lgl Xi+1 m

r(Sx+1)

i=1

Xi

helX) = e*(m“@)ug . (6)

The posterior distribution of the parameter ¢ follows a
m
gamma distribution with parameters > X; + 1 and m + @.

i=1
It is expressed in the following form:

m
> xi+1

(n+a)=
r (i_ilxiJr 1)

Zx,-i—a 1

()| data) = e (mra)e s )

The unconditional predictive density can be derived as fol-
lows [19]:

e ¢]

[ (xr|data) = / f (xrlc) wj(Aldata)dc. )

0

In this context, Xy represents the anticipated number of non-
conformities in an upcoming inspection unit.
Here,

m m

zx+1

Xi

(m+&)ck,§i

xf |data dc.

/Oo "ch m+a)
0 X T (Z X; + 1)
i=1

©))
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We have,
> Xi+1 m
(m+ @)= r (ZXi+Xf + 1)

f (xs|data) i=1

m ZX—&-Xf—H

XfIT (ZX, + l) (m+ &+ 1)=t
i=1
(10)

The previously mentioned equation can be restated as a pre-
dictive density, illustrated as follows:

m
F(ZX,‘-I—Xf—i-l)

f (xfldata) = p =l
r (in+ 1) I (Xr+1)
i=1
m+a \ 1 Xr
m+a+ 1 m+a+ 1 '

(11
Hence, the predictive density conforms to a negative bino-
m

mial distribution characterized by parameters > X; + 1 and
=
m+a l

P This can be represented as

m N
m+ o
XfNNB(ZX,-le,—A). (12)
Py m+oa—+1

In this research, the c-chart is employed to evaluate the
performance of different methods for monitoring noncon-
formities. Specifically, the Empirical Bayes approach is
compared with the classical and Bayesian methods, with a
focus on the average run length (ARL) and standard devi-
ation of the run length (SDRL). By conducting simulations
and analyzing these performance metrics, the aim of this
research is to demonstrate the effectiveness and robustness of
the proposed Empirical Bayes c-chart in maintaining process
control.

IV. SIMULATION RESULTS

This paper compares the unconditional average run lengths
(ARLSs) and unconditional standard deviation of run lengths
(SDRLs) via classical methods, Bayesian methods with the
Jeffreys prior [39], and the proposed method. The upper and
lower control limits are computed for varying values of ¢ and
m. The Bayesian procedure is obtained through the predictive
density.

The simulation study considers ¢ = 1, 2, 3, 4, 5, 8, 10, 15,
20, 30, 40, and 50 and m =5, 10, 15, 20, 25, 30, 50, 100, 200,
and 500. The number of simulations is 20,000 iterations. The
results of the proposed method are compared with those of
the Raubenheimer and Merwe method and Chakraborti and
Human method.

The results in Table 1 and Figure 1 show that for small
inspection unit sizes (i.e., m = 5), the frequentist method pro-
vides the largest ARLs for most values of ¢ (e.g.,c =1, 2, 3,
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TABLE 1. Comparative unconditional ARL and SDRL performance for
m=>5.

TABLE 2. Comparative unconditional ARL and SDRL performance for
m = 10.

c F B EB

c F B EB

ARL SDRL ARL SDRL ARL SDRL

ARL SDRL ARL SDRL ARL SDRL

1 2.523 1.961 2.461 1.896 2.495 1.922 1 2.593 2.032 2.549 1.987 2.567 2.006
2 6.599 6.079 6.371 5.849 6.440 5919 2 6.837 6.317 6.701 6.181 6.742 6.222
3 16.621 16.113 15.907 15.399 16.151 15.643 3 17.359 16.851 16.909 16.401 17.058 16.551
4 39.451 38.948 37.894 37.390 38.700 38.197 4 40.873 40.370 39.971 39.468 40.509 40.006
5 87.983 87.481 87.201 86.699 88.846 88.344 5 87.748 87.246 87.463 86.962 88.823 88.321
8 457.528 457.028 495.864 495.363 508.543 508.042 8 380.075 379.574 466.279 465.779 482471 481.971
10 403.320 402.820 394.117 393.617 396.740 396.240 10 377.639 377.138 408.872 408.372 412.932 412.432
15 322985 322484 284.340 283.840 286.119 285.619 15 341.048 340.547 328.686 328.186 332.780 332.280
20 303.445 302944 258346 257.845 261.055 260.555 20 331918 331.417 306.568 306.067 308.896 308.395
30 270425 269.925 226336 225835 225724 225.224 30 307471 306971 275911 275410 277490 276.989
40 258.646 258.146 213.615 213.115 213.802 213.301 40  296.653 296.153 261.909 261408 261.629 261.129
50 258564 258.063 209.998 209.497 213.302 212.802 50 295747 295247 256767 256266 259.795 259.295
Note: Bold indicates the maximum ARL for each method. Note: Bold indicates the maximum ARL for each method.
4,10, 15, 20, 30, 40, and 50). This suggests that the classical ARL
method is more stable in these cases. However, the proposed _——F —p EB
Empirical Bayes method outperforms the classical approach 500
for ¢ = 5 and 8, indicating its ability to provide better average 400
run lengths in these specific scenarios. The SDRLs for all SN -
methods are consistently smaller than the ARLSs, indicating 300 /-/
that the variability in run lengths is well-controlled across all 200 /
methods.
100
ARL 0 c
0 10 20 30 40 50
500 [  e—p EB
FIGURE 2. ARL curves of the frequentist, Bayesian and Empirical Bayes
400 methods for m = 10.
300 /'/ TABLE 3. Comparative unconditional ARL and SDRL performance for
200 m = 15.
100 c F B EB
c ARL SDRL ARL SDRL ARL SDRL
0 0 10 20 30 40 50 1 2.618 2.058 2.588 2.027 2.600 2.040
2 6.877 6.357 6.789 6.269 6.814 6.294
FIGURE 1. ARL curves of the frequentist, Bayesian and Empirical Bayes 3 17.469 16.962 17.110 16.602 17.199 16.691
methods for m = 5.
4 41.470 40.967 40.538 40.035 40.998 40.495
Table 2 and Figure 2 show the performance for m = 10. > 87.749  87.247 87373 86872 88979 88.478
The frequentist approach continues to provide the largest 8 333879 333379 421245 420.744 434286 433786
ARLSs for most values of c, particularly atc = 1,2,3,4,5, 10 355.781 355.281 402.691 402.190 403.637 403.136
15, 20, 30, 40, and 50. However, the proposed method shows 15 338.532 338.031 344.104 343.604 342.652 342.152
better performance for ¢ = 8 and 10, suggesting that it is 20 333.037 332537 320.628 320.127 322.077 321.576
more suitable for certain values of ¢ even as the sample size 30 322993 322492 296.287 295.786  298.564  298.064
increases. The SDRLs are slightly smaller than the ARLs, 40 316.832 316332 288.396 287.896 289.298  288.798
indicating that the variability is controlled. 50 311.756 311256 280.851 280.350 281.538 281.037

Table 3 and Figure 3 present the performance for m =
15. As the inspection unit size increases to m = 15, the
classical method continues to dominate for most values of
¢, providing the largest ARLs for ¢ = 1, 2, 3, 4, 20,

VOLUME 12, 2024

Note: Bold indicates the maximum ARL for each method.

30, 40, and 50. However, the proposed method consistently
outperforms the classical approach for intermediate values
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of ¢ such as 5, 8, 10, and 15. The results indicate that the
Empirical Bayes method can be particularly effective for
these moderate scenarios. The SDRLs remain smaller than
the ARLs do, showing stable and consistent performance
across all methods.

ARL

500 — B EB
400
300
200

100

0 ¢
0 10 20 30 40 50

FIGURE 3. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 15.

TABLE 4. Comparative unconditional ARL and SDRL performance for
m = 20.

Table 4 and Figure 4 show the performance for m = 20,
and the pattern remains largely consistent. The frequentist
method provides the largest ARLs for extreme values of ¢
(ie.,c =1, 2,3, 4, 20, 30, 40, and 50), while the proposed
method continues to outperform for intermediate values such
as 5, 8, 10, and 15. The smaller SDRLs across all methods
suggest that each method remains relatively stable, with low
variability in performance for different sample sizes.

TABLE 5. Comparative unconditional ARL and SDRL performance for

c F B EB
ARL SDRL ARL SDRL ARL SDRL
1 2.629 2.069 2.606 2.045 2.614 2.054
2 6.930 6.411 6.851 6.331 6.875 6.355
3 17.648 17.141 17.340 16.832 17.458 16.951
4 41.850 41.347 41.156 40.653 41.513 41.010
5 87.438 86.937 87.767 87.266 88.412 87911
8  320.636 320.135 391.105 390.605 400.954 400.454
10 354353 353.853 392.213 391.712 397.724 397.224
15 337.875 337.374 343.017 342.516 346.345 345.844
20 338.400 337.900 330.766 330.266 331.824 331.323
30 329.345 328.845 309.481 308.981 312.139 311.639
40 323.651 323.151 298.056 297.555 300.750 300.250
50  321.599 321.099 295.052 294.551 297.839 297.339
Note: Bold indicates the maximum ARL for each method.
ARL
500 —F — EB
400
300 /./
200
100
oL c
0 10 20 30 40 50

FIGURE 4. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 20.

160788

m = 25.
c B EB
ARL SDRL ARL SDRL ARL SDRL
1 2.633 2.073 2.616 2.056 2.623 2.063
2 6.935 6.416 6.878 6.358 6.891 6.372
3 17.683 17.176 17.420 16.912 17.504 16.996
4 42.110 41.607 41.408 40.905 41.726 41.223
5 88.076 87.575 88.326 87.825 89.116 88.615
8 301.673 301.173 357.517 357.017 367.692 367.192
10 344584 344.083 379.129 378.629 387.569 387.068
15 340.014 339.513 345.630 345.130 350.446 349.946
20 337.992 337492 333.388 332.887 335973 335473
30 330354 329.853 315.095 314.594 317.694 317.194
40 327.309 326.809 308.244 307.743 309.001 308.500
50 326.897 326397 304.271 303.770 303.898 303.398
Note: Bold indicates the maximum ARL for each method.
ARL
500 — e— B EB
400
300 /_/ '
200 /
100
0 = ¢
0 10 20 30 40 50

FIGURE 5. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 25.

Table 5 and Figure 5 show the results for m = 25. The
findings are consistent with those observed in previous sce-
narios. The frequentist method provides the largest ARLs for
extreme values of ¢ = 1, 2, 3, 4, 20, 30, 40, and 50, whereas
the proposed method performs better for intermediate values
(c =5, 8, 10, and 15). This pattern confirms that the Empir-
ical Bayes approach may offer a more balanced performance
in cases where the process does not exhibit extreme levels of
nonconformity. The SDRLs remain smaller than the ARLSs
do, showing controlled variability in the run lengths.

VOLUME 12, 2024
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Table 6 and Figure 6 present the results for m = 30.
The proposed method continues to provide the largest ARLs
for intermediate values (¢ = 5, 8, 10, 15, and 20), while
the frequentist method remains dominant for extreme cases
(c =1, 2, 3,4, 30, 40, and 50); this suggests that as the
inspection unit size increases, the proposed method retains
its relative advantage for moderate scenarios, whereas the
frequentist approach maintains strong performance in more
extreme cases.

TABLE 6. Comparative unconditional ARL and SDRL performance for
m = 30.

c F B EB
ARL SDRL ARL SDRL ARL SDRL

1 2.637 2.078 2.625 2.066 2.630 2.070
2 6.959 6.440 6.904 6.385 6.923 6.403
3 17.762 17.255 17.538 17.030 17.610 17.103
4 42.048 41.545 41.445 40.942 41.630 41.127
5 87.823 87.322 87.976 87.474 88.698 88.196
8 292.077 291.577 342981 342480 348.491 347.991
10 336375 335.875 369.289 368.788 373.452 372.952
15 333.532 333.032 341.648 341.148 344.618 344.118
20 332428 331.928 334.395 333.895 335.569 335.068
30 333.266 332766 320.325 319.824 323931 323431
40 331.526 331.025 315.138 314.637 317.699 317.199
50 333.039 332.538 313.279 312.779 313399 312.899
Note: Bold indicates the maximum ARL for each method.
ARL
500 —F —B EB
400
300 /_/
200 "
100
0 c
0 10 20 30 40 50

FIGURE 6. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 30.

Table 7 and Figure 7 display the results for m = 50. The
proposed method remains effective for intermediate values
of ¢, providing the largest ARLs for ¢ = 5, 8, 10, 15, and
20, whereas the classical method continues to provide larger
ARLs for extreme values. The SDRLs continue to be smaller
than the ARLs across all methods, demonstrating that the
variability in performance is kept under control.

Table 8 and Figure 8 present the results for m = 100.
The proposed method performs well for intermediate values
of c=1,5,8, 10, 15, and 20, providing the largest ARLs in

VOLUME 12, 2024

these cases. The classical method still dominates for extreme
values such as ¢ = 2, 3, 4, 30, 40, and 50. These results
suggest that for larger inspection units, the proposed method
maintains its strength in more balanced scenarios, whereas
the classical method remains reliable in extreme cases.
Table 9 and Figure 9 show the results for m = 200. The
proposed method shows robust performance for intermediate
values of ¢ = 1, 4, 5, 8, 10, 20, and 40, providing the largest
ARLs in these cases; this demonstrates the proposed to handle
larger inspection units effectively. The Raubenheimer and
Merwe method performs well for ¢ = 15, but overall, the
classical method provides the largest ARLs for extreme cases.
The SDRLs remain smaller than the ARLSs, indicating stable

performance.
Finally, Table 10 and Figure 10 show that for the largest
inspection unit size of m = 500, the proposed method

continues to perform well, providing the largest ARLs for
moderate values of c = 1,4, 5, 8, 15, and 40. The frequentist
method remains dominant for very small and large values

TABLE 7. Comparative unconditional ARL and SDRL performance for
m = 50.

c F B EB
ARL SDRL ARL SDRL ARL SDRL

1 2.639 2.080 2.633 2.074 2.636 2.077
2 6.987 6.467 6.956 6.437 6.961 6.442
3 17.874 17.367 17.719 17.211 17.772 17.264
4 42.440 41.937 42.120 41.617 42.272 41.769
5 88.692 88.191 88.601 88.100 89.172 88.670
8 275537 275.037 305.024 304.524 308.782 308.281
10 322.610 322.109 344.030 343.530 348.806 348.306
15 332920 332419 339.781 339.281 341.314 340.813
20 334.633 334.132 337.154 336.653 338.263 337.763
30 336.721 336.221 331.844 331.344 332.113 331.612
40 337.013 336.512 328.052 327.552 328.280 327.780
50 338275 337.775 326485 325984 327.199  326.699

Note: Bold indicates the maximum ARL for each method.

ARL

500 —F e—B EB

400

300 /_/

200 i

100
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0 10 20 30 40 50

FIGURE 7. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 50.
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TABLE 8. Comparative unconditional ARL and SDRL performance for

TABLE 9. Comparative unconditional ARL and SDRL performance for

m = 100. m = 200.
c F B EB c F B EB
ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
1 2.640 2.080 2.639 2.080 2.641 2.081 1 2.639 2.080 2.639 2.080 2.640 2.081
2 7.032 6.513 6.995 6.476 7.002 6.482 2 7.082 6.563 7.040 6.521 7.039 6.520
3 17.994 17.487 17.872 17.365 17.876 17.369 3 18.161 17.654 17.997 17.490 18.011 17.504
4 42.607 42.104 42.435 41.932 42.544 42.041 4 42.543 42.040 42.567 42.064 42.620 42.117
5 88.163 87.662 88.641 88.140 89.154 88.653 5 86.134 85.632 88.134 87.633 88.370 87.868
8  260.599 260.099 277.658 277.157 279.641 279.141 8 251.876 251.376 260.992 260.491 262.611 262.110
10 308.645 308.144 325186 324.685 327430 326.930 10 295.004 294.503 309.690 309.190 310.623 310.122
15 324453 323953 332.131 331.631 335977 335477 15 314.104 313.604 325.143 324.642 324.702 324.202
20 333.668 333.167 335.598 335.097 336.423 335922 20 333.890 333.389 333.742 333.242 334.851 334.350
30 339305 338.804 337.579 337.079 338.611 338.110 30 341.829 341.328 339.207 338.707 339.853 339.353
40 341.465 340.965 338.116 337.616 339.181 338.681 40 341.089 340.589 341.379 340.879 341.690 341.190
50 345.013 344513 339.606 339.105 338.987 338.487 50 348.986 348.486 345.690 345.189 346.393 345.892
Note: Bold indicates the maximum ARL for each method. Note: Bold indicates the maximum ARL for each method.
TABLE 10. Comparative unconditional ARL and SDRL performance for
ARL m = 500.
500 ——F ——38 EB c F B EB
ARL SDRL ARL SDRL ARL SDRL
400 1 2.639 2.079 2.639 2.080 2.639 2.080
B o 2 7.132 6.613 7.097 6.578 7.099 6.580
300 3 18.447 17.940 18.247 17.740 18.253 17.746
4 42.564 42.061 42.544 42.041 42.638 42.135
200 5 83401 82900 85504 85002 85542  85.041
100 8 247.050 246.550 249.871 249.371 250.478 249.978
10 286322 285.822  292.276 291.776  291.856 291.356
0 ¢ 15 296.652 296.152 310.884 310.384 311.839 311.338
0 10 20 30 40 50 20 334.853 334352 334780 334280 334.449 333.949
FIGURE 8. ARL curves of the frequentist, Bayesian and Empirical Bayes 30 344675 344175 342611 342110 342.669 342169
methods for m — 100. 40 339.667 339.167 340913 340413 341575 341.075
50 356.779 356.279 351.161 350.661 351.543 351.043
Note: Bold indicates the maximum ARL for each method.
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FIGURE 9. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 200.

c = 2,3, 20, 30, and 50, whereas the Raubenheimer and

Merwe method performs well for ¢ = 10.
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FIGURE 10. ARL curves of the frequentist, Bayesian and Empirical Bayes
methods for m = 500.

The simulation results indicate that while the classical
method tends to perform well for extreme values of ¢ (very
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TABLE 11. Comparison the performance methods for ¢ = 20.

Method LCL UCL CARL
Frequentist 6 32 200.7
Bayesian 8 35 267.50
Empirical Bayes 3 37 433.9642

low or very high nonconformity rates), the proposed Empir-
ical Bayes approach consistently provides larger ARLs for
intermediate values; this suggests that the proposed method
is particularly well-suited to scenarios where the process
exhibits moderate levels of nonconformity, offering a bal-
anced approach to process monitoring. The SDRLs for all
methods are smaller than the corresponding ARLS, indicating
that the variability in run lengths is well-controlled and stable
across all inspection unit sizes and process conditions.

The classical method’s dominance in extreme cases is
likely due to its ability to maintain consistent ARL per-
formance under stable conditions, whereas the proposed
method excels in more nuanced scenarios where empirical
data can be used to adjust hyperparameters dynamically. The
Raubenheimer and Merwe method sexhibits occasional effec-
tiveness, particularly for certain values of ¢, but is generally
less competitive overall.

In summary, the proposed Empirical Bayes approach offers
a robust framework for handling processes with moderate
nonconformities, whereas the frequentist method provides
reliable performance for more extreme conditions.

V. APPLICATION

Consider the example from Montgomery [45], Example 6-3
on Page 277, which has also been studied by Chakraborti,
Human, Raubenheimer, and Merwe. This example examines
the number of nonconformities observed in 26 successive
samples of 100 printed circuit boards, with the inspec-
tion unit defined as 100 boards. Across the 26 samples,
516 nonconformities were found, resulting in an esti-
mated ¢ = 516/26=19.85. Upon further investigation, units
6 and 24 were identified as out-of-control and subsequently
removed. Revised control limits were then calculated using
the remaining 24 samples, where m = 24 and > ' | x; =
472. The recalculated average number of nonconformities per
inspection unit is ¢ = 472/24 = 19.67.

Using this example, we set m = 24 and > 1" | x; = 472.
According to Human and Raubenheimer, the Jeffreys prior
for c results in a gamma posterior distribution with parameters
>, xi+0.5 and m. In contrast, our proposed method uses an
exponential prior via Empirical Bayes, resulting in a gamma
posterior distribution with parameters >~ | x;+ 1 and m+ %
For this example, the posterior distribution of ¢ is Gamma
(273, 24.0021).

To evaluate the performance of the c-chart for the observed
value >, x; = 472, we investigate the unconditional
ARL using the unconditional false alarm rate (FAR). Control

VOLUME 12, 2024

limits, the unconditional ARL is calculated via the frequentist
and Raubenheimer and Merwe methods, and then compared
with our proposed procedure using ¢ = 20 to calculate the
CARL. The results are presented in Table 11.

Table 11 shows that the Empirical Bayes method provides
a wider interval than the classical and Bayesian methods
do, resulting in a larger CARL value. This is desirable for
processes that are stable and in control.

V1. DISCUSSION

The Empirical Bayes approach in our study proved effective
for designing a c-chart to monitor nonconformities, utilizing
sample data to estimate prior parameters, thereby leading
to a Bayesian predictive posterior distribution. This method
involves the use of an exponential prior, which is a special
case of the gamma distribution with a single parameter where
the shape parameter equals 1. The selection of this prior was
motivated by its simplicity and efficiency, as supported by
relevant literature [39], [40]. The exponential prior simplifies
the derivation of predictive densities for constructing control
limits, contributing to the method’s practical applicability.

In comparing our approach with previous methodolo-
gies, we observed that the Empirical Bayes method with an
exponential prior yielded control limits, average run lengths
(ARLs), and standard deviations of run length (SDRL) that
were generally favorable, particularly for moderate to large
inspection units. Our Monte Carlo simulations, comprising
20,000 iterations for ARL and SDRL calculations, revealed
that the Empirical Bayes approach consistently provided high
ARL values for parameters ¢ = 4 to 20, aligning well with
the nominal value of 370.4. This large ARL is indicative of a
lower false alarm rate, reinforcing the method’s robustness.

Howeyver, the method’s effectiveness was somewhat lim-
ited for small inspection units, where it presented slightly
lower ARL values and greater variability. This suggests that
while the Empirical Bayes approach is generally robust, there
is room for improvement in scenarios involving small sample
sizes or low nonconformity counts.

The literature on the selection of prior distributions in
Bayesian inference supports the efficiency of the exponen-
tial prior in the Empirical Bayes context. For example,
Gelman et al. [43] emphasized that the exponential prior
provides a practical balance between simplicity and infor-
mativeness, making it suitable for a variety of applications
where prior knowledge is either limited or straightforward.
Additionally, Kass and Wasserman [44] highlighted the suit-
ability of exponential priors in hierarchical models, noting
their utility in empirical Bayesian frameworks due to their
flexibility and ease of integration with posterior distributions.

For future work, exploring alternative priors such as other
special cases of the gamma distribution or more informative
priors based on additional historical data could enhance the
method’s adaptability and performance in diverse contexts.
Such investigations would help refine the Empirical Bayes
approach, ensuring its robustness across different parameter
settings and inspection unit sizes.
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VIi. CONCLUSION AND RECOMMENDATIONS

The Empirical Bayes approach for designing a c-chart
effectively utilizes sample data to estimate prior parame-
ters, leading to a Bayesian predictive posterior distribution.
Employing an exponential prior (a special case of the gamma
distribution) simplifies the derivation of predictive densities,
making it particularly useful for constructing control limits in
quality monitoring.

Our analysis indicates that the Empirical Bayes method
excels with moderate to large inspection units, providing
optimal ARLs for parameters ¢ = 4 to 20. Its performance
diminishes slightly with smaller inspection units, suggesting
a need for further adaptation in these cases. A key advantage
of this method is its ability to avoid the arbitrary setting of
hyperparameters, instead deriving them from sample data,
thereby ensuring robust performance without the complica-
tions associated with inappropriate hyperparameter choices.
Furthermore, our results indicate that smaller values of the
hyperparameter « are associated with higher ARL values,
demonstrating the benefit of selecting small « values for
improved performance. The sensitivity of the hyperparameter
is powerfully demonstrated in Table 12, which highlights the
substantial impact of o on ARL performance for different
sample sizes. Table 12 provides an unconditional ARL sen-
sitivity analysis of « for inspection units m =10, 30, and
50 given ¢ = 10, revealing how smaller « values lead to
significantly higher ARLs across all inspection units.

TABLE 12. Unconditional ARL sensitivity analysis of « for m = 10, 30 and
50 given ¢ = 10.

a m=10 m=30 m=50
0.01 413.2467 371.7571 348.0638
0.10 395.5764 362.2525 342.0791
0.25 365.0740 348.8243 3324718
0.50 319.8128 324.3323 316.2382

1 236.0555 282.1807 292.0034

2 123.5605 207.3667 240.1725

3 63.40634 157.3652 197.6921

4 34.94389 116.3317 166.0268

5 21.13531 89.94144 137.0188

10 4.66897 29.78343 61.66145

From our application results, the Empirical Bayes method
provides the largest value of ARL compared with the clas-
sical and Bayesian methods. This finding indicates that the
Empirical Bayes approach not only offers a robust framework
for hyperparameter estimation but also enhances control chart
performance, particularly for stable and in-control processes.
This finding aligns with the conclusions of recent research
by Supharakonsakun [46], which similarly highlighted the
potential of Bayesian approaches in improving ARL perfor-
mance in control charts for nonconformities

For future research, we recommend investigating the effi-
cacy of alternative prior distributions within the Empirical
Bayes framework. Exploring other forms of the gamma
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distribution or incorporating more informative priors based
on extensive historical data could increase the method’s flexi-
bility and effectiveness. Additionally, further simulations and
empirical studies could help identify optimal strategies for
addressing scenarios with small sample sizes or low non-
conformity counts, thereby broadening the applicability and
robustness of the Empirical Bayes approach in various quality
monitoring contexts. Recent research, such as that by Bayarri
and Garcia-Donato [47], on U-control chart methodologies,
provides valuable insights into alternative approaches and
could serve as a foundation for future studies exploring
advanced techniques in control chart design.
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