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New estimators for estimating population
total: an application to water demand in
Thailand under unequal probability
sampling without replacement for missing
data
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ABSTRACT

Water shortage could play an imperative role in the future due to an influx of water
demand when compared to water supplies. Inadequate water could damage human
life and other aspects related to living. This serious issue can be prevented by
estimating the demand for water to bridge the small gap between demand and
supplies for water. Some water consumption data recorded daily may be missing and
could affect the estimated value of water demand. In this article, new ratio estimators
for estimating population total are proposed under unequal probability sampling
without replacement when data are missing. Two situations are considered: known
or unknown mean of an auxiliary variable and missing data are missing at random
for both study and auxiliary variables. The variance and associated estimators of the
proposed estimators are investigated under a reverse framework. The proposed
estimators are applied to data from simulation studies and empirical data on water
demand in Thailand which contain some missing values, to assess the efficacies of the
estimators.

Subjects Natural Resource Management, Ecohydrology, Food, Water and Energy Nexus
Keywords Water demand, Population total, Unequal probability sampling without replacement,
Taylor linearization approach, Nonlinear estimator, Logistic regression

Mathematical Subject Classification 62D05, 62D10

INTRODUCTION

Increasing demand for water is highly concerning because of water supply reduction.
There are many reasons that cause an increase in water demand such as the rapid growth
of the human population, climate change, and so on. The world water resources consist of
more water from the sea compared to available fresh water or rainwater. The amount of
clean water is also affected by polluted water. Many developing countries face water
scarcity and flooding issues due to climate change which can affect their sustainability in
economics and lead to unsafe conditions and poor health of the population. Freshwater is
used for a myriad of reasons such as household usage, business and industry, agriculture
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and much more. Thailand is one of the developing countries that mainly uses freshwater in
agriculture which accounts for a majority of the usage of the world’s available freshwater.
Metropolitan waterworks and provincial waterworks are organizations who are
responsible for producing, delivering, and distributing water supply to all provinces in
Thailand while also providing resources for water. The former is responsible for Bangkok,
Nonthaburi, and Samut Prakan and the latter is responsible for the rest of the country.
Some of the consumption of water data are missing in the database system which could
lead to the wrong interpretation based on missing data. The missing data or nonresponse
should be taken into consideration before processing for further analysis to make for a
more powerful interpretation.

If this issue is not addressed, water shortage could lead to repercussions in the future
and it would be harmful for human life because of a lack of clean water to use.

The management of water resources to avoid facing water scarcity needs to be taken into
consideration. Knowledge of the gap between the demand and supply of water could
accommodate the strategies and policy planning for the world to be prepared for
sustainable water management in order to provide sufficient water according to the
demand. Estimating the water demand can benefit future planning to avoid water shortage.
Bakker et al. (2014) investigated three models to forecast water demand in both cases with
the model using weather input and not using it. The simulation results found that the
model using weather input gave a maximum 11 percent of the errors which is essential in
water supply system control and detecting irregularity. Huang ¢ Lin (2017) proposed a
system dynamics model for studying demand and supply for water resources to avoid
water shortage in China. The model had been used to estimate demand and supply for
Shandong in China for the next 15 years. Rainwater is also one of the sources of water
usage. Boretti & Rosa (2019) examined the correlation between water demand, population
growth, and economic growth to estimate water scarcity in the world by 2050. They found
that the demand for water is growing even more than the growth of the population and
economy along with a low quality of resources and water to use. Kaewprasert, Niwitpong ¢
Niwitpong (2022) proposed confidence intervals for estimation of the mean of
delta-gamma distribution using the Bayesian method and applied it to rainfall data in
Chiang Mai Thailand.

The biased estimator, namely the ratio estimator is a popular method for estimating
population total (Y) or population mean (Y) of a study variable (y) when the information
of an auxiliary variable (x) exists and is highly positively correlated with y. The ratio
estimator was introduced by Cochran (1940) under simple random sampling without
replacement (SRSWOR). The mean square error and bias of the ratio estimator are
investigated by using the first order approximation of the Taylor linearization approach to
transform the ratio estimator to a linear estimator. Then, the properties of the ratio
estimator can be approximated from the linear estimator. Sisodia ¢» Dwivedi (1981)
proposed a ratio estimator when the population coefficient of variation (C,) of x is known.
The ratio estimator when the kurtosis (f3,(x)) is known was proposed by H. P. Singh & M.
S. Kakran (1993, unpublished data). Upadhyaya ¢ Singh (1999) suggested the ratio type
estimators for estimating population mean when the C, and f3,(x) are known. Bhushan ¢
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Kumar (2022) suggested some classes of population mean estimators based on the
optimum value of the constant to improve the efficiency of the estimators under ranked set
sampling. The ratio estimators of Cochran (1940), Sisodia &~ Dwivedi (1981), H. P. Singh &
M. S. Kakran (1993, unpublished data) and Upadhyaya ¢ Singh (1999) require the
population mean of x, X in order to estimate Y. Therefore, Perri (2004) proposed an
alternative ratio estimator namely regression-in-ratio estimator for estimating Y.

The estimator of Perri (2004) does not require X by using the regression estimator to
estimate this value. In other words, if the auxiliary variable x is correlated with another
auxiliary variable namely u then X can be estimated from u by using a regression estimator
to estimate this value. The Perri (2004) estimator is a function of two estimators consisting
of estimators of Y and X. In the context of unequal probability sampling without
replacement (UPWOR), Bacanli ¢ Kadilar (2008) modified the ratio estimators under
SRSWOR by estimating the population mean of y and x under SRSWOR using the Horvitz
¢ Thompson (1952) type estimators. The variance and associated estimators of Bacanli ¢
Kadilar’s (2008) estimator can be obtained by using a Taylor linearization approach and
method from Horvitz & Thompson (1952). Lawson (2021) suggested a general class of ratio
estimators for population mean in the form of a combined estimator making use of known
auxiliary variables such as the coefficient of variation, coefficient of skewness, coefficient of
kurtosis and so on. The Lawson (2021) estimator performed well giving a smaller mean
square error especially for a small sample size.

The ratio estimators in the full response case cannot be used to estimate population
mean or population total of y when some elements in the sample units are unresponsive.
Cochran (1977) considered the ratio estimator under SRSWOR to estimate Y in which
information on x is available for all sample units and X is known but some elements of y in
the sample units are missing.

Later, ratio estimators with their properties when nonresponse occurs in both y and x
but X is known under SRSWOR were proposed by Rao (1986, 1987), Khare ¢ Srivastava
(1997), Okafor & Lee (2000), Sirndal ¢ Lundstrom (2005). Kumar (2015), Lawson (2017)
introduced estimators for estimating population total and population mean and their
variance estimators under probability proportional to size with replacement sampling and
nonresponse present in the study. The Lawson estimators are approximately unbiased
estimators and they do not require the response propensity when the response probability
is uniformly nonresponse, and the sampling fraction is small. Under UPWOR and when
information on x is available for all sample units when X is known, Ponkaew ¢ Lawson
(2018) proposed a ratio estimator for population total of y with a uniform nonresponse.
The variance and associated estimators are also discussed under a reverse framework and
when the sampling fraction is ignored. In the same year, Ponkaew (2018) proposed a linear
generalized regression estimator (GREG) for population total when information about
calibration variables u;, uy, ..., u, exists. The estimator of Ponkaew (2018) is in a form of a
nonlinear estimator then automated linearization approach was used to transform this
estimator to a linear form. Consequently, the variance and their estimators can be
approximated from linear estimators. The ratio estimators in the presence of nonresponse
require the value of X in both situations where nonresponse occurs with variables y and x
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and nonresponse occurs only with the variable y. Ponkaew (2018) considered the missing
completely at random (MCAR) mechanism which is unlikely to occur in practice. Lawson
¢ Ponkaew (2019) suggested a new GREG estimator using the idea of Lawson (2017) under
unequal probability sampling without replacement and nonresponse occurring missing
completely at random and when the sampling fraction is small and therefore can be
omitted. However, their estimator requires joint inclusion probability which sometimes
can be difficult to find. Lawson & Siripanich (2020) improved a new GREG estimator based
on the idea of Lawson ¢ Ponkaew (2019) for more flexible situations with the non-uniform
nonresponse mechanism or missing at random (MAR) and where the sampling fractions
are both large and small. Ponkaew ¢» Lawson (2023) proposed a new approximately
unbiased GREG estimator in the form of a ratio estimator following Ponkaew ¢ Lawson
(2018) and Lawson ¢» Ponkaew (2019) under the same situation where nonresponse occurs
under MCAR but extended it when the sampling fractions are both large and small which
is in a general form.

Some researchers suggested to estimate the missing values before further analysis.

For example, Shahzad et al. (2020) proposed population mean estimators for when there
are some missing observations in the study utilizing robust regression to apply to the
regression coefficient estimator under SRSWOR when outliers are present in the study.
They considered when nonresponse occurs in the study variable, and in both the study and
auxiliary variable when the population mean of the auxiliary variable is known and
unknown. Anas et al. (2022) also suggested ratio type regression estimators when
nonresponse is present in the study in three situations similar to Shahzad et al. (2020) but
the quantile regression in the mean estimator when outliers are present in the study was
used. Chodjuntug & Lawson (2022a) suggested a new imputation method to create a
population mean estimator when missing data appears in the study variable and applied it
to estimate fine particulate matter in Bangkok, Thailand. They suggested to apply two
constants to minimize the mean square error of the population mean estimator.
Chodjuntug & Lawson (2022b) developed a new estimator by adjusting Chodjuntug ¢
Lawson’s (2022a) by utilizing the response rate and the constant that minimizes the mean
square error (MSE) of their proposed estimator. Their estimator using the constant that
makes the minimum MSE performed the best. Bhushan et al. (2022) proposed some
imputation methods for estimating population mean in the form of logarithmic
imputations under SRSWOR for missing data.

In this article, we aim to propose new ratio estimators by extending the Ponkaew ¢
Lawson (2018) estimator to situations where X is known or unknown and nonresponse
occurs with both variables y and x. In the situation where X is unknown we used the
concept from Perri (2004) to estimate its value from the calibration variables u1, uy, ..., u4
using the linear GREG estimator of Ponkaew (2018). The variance and associated
estimators of the proposed estimators are investigated under the reverse framework.
Furthermore, the proposed ratio estimators are considered under both missing at random
(MAR) which is more flexible to occur in practice and also considered under MCAR
nonresponse mechanism. Finally, we compared the efficiency of the proposed estimators
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and their variance estimators between the MAR and MCAR mechanisms through a
simulation study and an application to water demand data in Thailand.

MATERIALS AND METHODS

Basic setup
In this section, we introduce notations and basic notions about the population total
estimator and their variance estimators under the reverse framework. Let y be a study
variable and the population total of y is Y = > y; where U = {1,2,...,N} and N is the
=

population size. Suppose the auxiliary variables x, w and the size variable k are available
and highly positively correlated with the study variable. The calibration variables
Ui, Uy, ..., ug where g > 1 are also available and they are correlated with the auxiliary
variable x. Let,u; = (1 uny L uy) andUy = (u; uz L uy) betheN x (g+1)
matrix values of u;. We are using the GREG estimator model from Sirndal, Swensson &
Wretman (1992) and Séirndal (2007) in which the linear assisting model &, E¢(x;) = f'u;
and V:(x;) = o2. The linear assisting model ¢ is a model describing the relationship
between the study variable and auxiliary variable. Let g; be determined by the linear
assisting model ¢ that is g; = 1/67. Usually, the standard choice of g; is q; = 1 and it is
determined by the linear assisting model &: E¢(x;) = B'u; and Vi (x;) = o2

Let, F be the set of all possible subsets of U and the sample s of size n was selected from
the population U under UPWOR. A sampling design p(.) is a probability distribution on
F,ie,P(s) > 0foralls € Fand ) p(s) = 1.Let,m; = P(i € s) = >, P(s) be the first order

seF $3i
inclusion probability and n;; = P(i A\j € s) = »_ P(s) be the second order inclusion
so{ig}
probability. We also define Eg(e) and V() as the expectation and variance operators with
respect to the UPWOR sampling design.

In the presence of nonresponse, let subscript R and r; be the nonresponse mechanism
and nonresponse indicator variable of y; which r; = 1 if unit i responds to item y otherwise
rp=0.Let, R=(r, rn L ry )' be the vector of the response indicator and
pi = P(r; = 1) be the response probability under MAR nonresponse. Let, Eg(e) and Vg(e)
be the expectation and variance operators with respect to the nonresponse mechanism.
Three assumptions are defined; (A;) the response mechanism is uniform response.

R -1 b,
(A2)B, — B = Op(n, %) and (A3)V<Z —l> — 0 as n — oo where b; = w; or r;. We also
ics 1t
consider three more conditions for investigating the estimator of Y = > y; as follows.
=
(B;) nonresponse occurs only on y, the information on x; is available for all i € s and X is
known. (B,) nonresponse occurs on both y and x and X is known and (B;) nonresponse

occurs both with y and x and X is unknown but information on uy, uy, ..., u, are available

_ 1
for all i € s and U =N E uij, j =1,2,...,q are known.
icU

Ponkaew and Lawson (2022), PeerdJ, DOI 10.7717/peerj.14551 5/21


http://dx.doi.org/10.7717/peerj.14551
https://peerj.com/

Peer/

Throughout this article, we consider variance estimation of the population total
estimator in the presence of nonresponse under the reverse framework. Therefore, we
discuss three steps to investigate the variance and its nonlinear estimator such as the ratio
estimator when nonresponse occurs in the study variable. Assume that we have K variables
consisting of ¢;, the study variable and t,, t3, ..., tx, auxiliary variables. Let Y. bea
nonlinear estimator and be defined by,

~ . N . R t .
where  is a known smooth function, T = [tl t, L tK}, K>28=> fi ;l if the
. ies Tipi
variable f; exhibits nonresponse otherwise it can be obtained by Y;. Under the reverse
o tri
framework, variance of f; = K
ies T
V(Y,) = ExVs(Y|R) + VzEs(Y|R) = Vi + V3, (2)

where V| = ERVS(?S‘R) and V, = VRES(?S}R). The formula of V(f/s) consists of three
steps as below.

Step 1: Investigate a formula of V; = Ex Vs(l?s‘R). Since Y, is in a form of a nonlinear
estimator then V; = Ep VS( ?S‘R) can be approximated by,

V' = ErVs(Y,)|R), (3)

where ?5(1) is a linear estimator of Y, under the Taylor linearization approach.
Step 2: Investigate the formula of V, = VixEs(Y|R). The formula of V, = VzEs(Y|R)
can be approximated by,

vy 2 V(¥

R). @)

where Y/ = Es(l?s}R).
Step 3: Approximate the value of V(Y;) and its estimator. The value of V(Y;) can be

obtained by,
V(Y,) =V + V). (5)

The estimator of V(Y;) can be obtained by substituting estimators for the unknown

parameter in (5). Then, the estimator of V(Y;) is defined by,
V(Y) = Vi+ ¥, (6)
where V!, V} are the estimators of V', V/, respectively.

Existing estimators under uniform nonresponse

Uniform nonresponse or missing completely at random (MCAR) is a nonresponse
mechanism in which the probability of response of the study variable y neither depends on
itself nor another variable such as x, k or w. In this section, we discuss two estimators for
estimating population total in the presence of uniform nonresponse namely ratio and
GREG estimators proposed by Ponkaew ¢ Lawson (2018) and Ponkaew (2018),
respectively. The variance estimation of both ratio and GREG estimators are considered
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under the reverse framework and the sampling fraction is negligible with the UPWOR
sampling design.

The ratio estimator

When nonresponse occurs only with y but the population mean and its estimator of x are
available, Ponkaew ¢ Lawson (2018) proposed ratio estimators to estimate population
mean and the total of y under unequal probability sampling without replacement and the
nonresponse mechanism is MCAR. The Ponkaew ¢ Lawson (2018) estimator for
population mean is

L~y
. N&Zmp_ vy, .
k= e X == X=RX 7)
il Xur
Nzesn’

- 1 A A . ~ 2
where Y, = N IGZS %, Xpr = — Z M and R, =Y, (XHT) ! Ponkaew & Lawson’s (2018)
estimator for population total is
Yr = NYg = NXR,. (8)
) : 1\
We note that, if p is unknown the estimator of p is equal to p = (Z £> (Z —> .

i€s ies T
The variance and associated estimators of the estimator in (8) is defined in (9),

=Y Diyi—Rx)’+ > > Dylyi—Rxi)(yj— Rg) + Y pp'yf, 9)

icU ieU i\{j}eU i€eU !

where R = YX~!. The estimator of V(?R) is given in (10),

ZD ()’z Rxl +Z Z Dzj(}/z - rxl ()/] rx] +ZE1)/17 (10)

ies i€s i\{j}es s
-1
A riyi i . riE . D, . rit;Dj;
where R, = 'yl<2—’) ,Ei=—""Di=""and D; = ”2 c
i€es P ies U T; p p

The GREG estimator

The GREG estimators for estimating population mean or population total of the study
variable is a powerful method when the calibration variables u;, us, ..., u4 are present
where g > 1 are also available. In full response, Sirndal, Swensson ¢» Wretman (1992) and
Sdrndal (2007) proposed a GREG estimator under the linear assisting model ¢,

E:(x;) = fu;and Vi (x;) = a7. (11)

Let Q; = diag(qi),,., and g; be determined by the linear assisting model ¢ in (5.1) i.e.,
gi = o; 2. In the presence of nonresponse, Sirndal & Lundstrom (2005) proposed a linear
GREG estimator to estimate population total. They investigated variance and associated
estimators under the two-phase framework. Ponkaew (2018) proposed linear GREG
estimators for estimating the population mean of x under the MCAR mechanism which is
defined by,
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(12)

i€s

! -1
X8§5c2%23+ [U—;]Z”‘] (grqﬂ‘?) (Zrzz;;ac)

/N 1 7N\ L
S5 riqilith' riqitixi \ riqilih riqiliXi
=l ()= () (=)
ies TP ies TP ies T ies T

Then, the GREG estimator to estimate the population total of x is

’ -1
(1) (1) TiXi itk riqiuiu; TiqiliXi
X = NX = E —+ |U~— E — E — E —,
GREG GREG mp [ TCiP] < p ) ( mp ) (13)

ic€s ics i€s ic€s

=0+ u- U(”] B..

TiXi ril;

M _ Np =3

U '
r r
i€s 7":ip

(1) (1)
where X/ = NX,~’ = ,
' % ip

Under the reverse framework and when sampling fraction is negligible the variance of

~ (1 .
WélgEG 18

GREG ZDlle +Z Z Dl]ele_]7 (14)

ieU zeU]eU\{}
1 —m Tjj — T
where Dy; = ( 1), Dy = " and e = (x; — u/iﬁ)-
Tip ;T

The estimator of V(W(GIIQEG) is equal to.

V(XL 0) % ZD rié; +Z Z Dyririeie; | (15)
ics ies jes\{i}
PO [ A i — T 1 AN
where éi:(xi_uliﬁr): Di: - >Dij: ij i ],p/: (Z_> (ZL) ifp is
[

. - T T TC ics i/ \ies Ti
unknown otherwise p’ = p. ' e e e

RESULTS AND DISCUSSION

The proposed new ratio estimators

In the previous section, we introduced two estimators of the population total: ratio and
GREG estimators in the presence of uniform nonresponse. The variance estimation for
both ratio and GREG estimators are considered under the UPWOR sampling design and
when the sampling fraction is negligible. However, the ratio estimators in (7) and (8) are
considered under a situation where nonresponse occurs in y only and they require the
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value of the population mean of x. Then, in this section we aim to propose new ratio
estimators when nonresponse occurs in both variables y and x. We also consider two
distinct situations of X that are known or unknown. In the situation where X is unknown
we estimate it from the calibration variables u;, uy, ..., u, using the GREG estimator. In the
context of nonresponse, we investigate the proposed ratio estimator under the MAR
mechanism because it has weak assumptions and tends to occur in real life more often than
the MCAR mechanism. However, we still consider new ratio estimators under the MCAR
mechanism for comparing the efficiency of the proposed estimators. First of all, we
extended the Ponkaew ¢ Lawson (2018) estimators to the MAR mechanism. The ratio
estimator of Ponkaew ¢ Lawson (2018) for estimating population mean under the MAR
mechanism is equal to,

1 iy

. N&e~mp, y» _

(1) c 11

Ve = go X ==X=R"X, (16)
_ t Xyr
N ies i

where f/il) = —Zﬁ 7H = —Z R(1 = Y(l)(XHT)

N i€s Tipi i€s i

Then, the ratio estimator for estimating population total under the MAR mechanism is
v = NYY = NXRD, (17)

Under the MAR mechanism if p; is unknown then it is estimated using the probit or
logistic regression models. The variance and associated estimators of 171(21) are discussed in
Theorem 4.1.

Theorem 1. Under condition (B,) with the reverse framework and the nonresponse
mechanism is MAR.

(1) The variance of f/l/e(l) is

(AU ED YIRS S SIS o
icU i€l i\{jteU i€y

— 1 — pi
where A; =y; —Rx;, R=YX ! and E; = b

pi

(2) The estimator of V(l?;(l)) is

V() = DA S S DAY+ ot

i€s ies i\{j}es i€s
. . E: . D: R rir:Dii
where ASI) =y — ( )xl’ rl _ Vz;Vz ( > 1’, z’ b = ril; and Dij _ it j
165 Tipi \ies T Us pi Pipj
Proof. Let Y ) be defined in (17). Therefore, variance of Y
v(¥Y) = v(NXRW) = N2X2V(RW (18)

73/-\\_/

Furthermore, the estimator of V(¥ 1)) can be obtained by,
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V(TY) = N* X2V (RW).

Since R\" is a nonlinear estimator then the variance of this estimator is equal to,
V(RD) = ERV5< |R) + VRES( RO >R) = Vi + Vs,
R).

Step 1: Investigate the formula of V; = Ep VS( R

where V|, = Ex V5 (Rﬁl)

), V, = ViE;s (izﬁl

R).
R is

By using the Taylor linearization approach the linear estimator of R;

R 1 A
(1) — N4
R,") = Constant + % Z .

where A; = (r,y d R(l) ) Then V| = ExVy (ﬁgl))’R) can be approximated by,

1

. 1 A;
V’1 = ERVS (Rgl) }R) = Ep VS (Constant + W Z—

i€s

SEr| ) DiAT+) > DyAidy R

T NX icU i€U i\ {jjeu

Y DA+ Y DA,

TN icU i€U i\{jjeu

where A; = ERVS(A,-‘R) =y —Rxyand R=YX L
Therefore,

112

> DA+ D DA

/
1
N2 X\ i€U i\{jJeu

)-

R> can be approximated by,

Step 2: Investigate the formula of V, = ViE; (ﬁ£1

The formula of V, = ViEs (lA{Sl

L§rw Ly

NETP R | v | T P
X; X
N = TT;

i€s

N2X2 Z N2X2 2_Foi

icU pi icU

V] = ViEg (R§1>|R) = ViEr

where E; =
Then,

(19)

(20)

(21)

(22)
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[as

= By (23)

/
2
2

N2X icU

Step 3: Approximate the value of V(ﬁgl)) and its estimators.
The value of V(Rgl)) can be approximated by,

VR 2 Vi Vy=—— [ Y DA]+ ) Y DA+ > Ey; | (24)
ieU ieU 1\{]}eU ieU
The estimator of V(IA{gl)) is

V(RY) = o [ DA+ 3 D DAAY 4 Dt | (25)

ics i€s i\{j}es ics

Replace (25) into (18) then the variance of f/lgl) is

V) =Y DATY D Y DA+ Y Byl (26)

ieU ieU i\{j}eU ieU

Furthermore, the estimator of V(f/lgl)) can be obtained by substituting (26) in (19) then,

V) 2 S DA 3T 3T DAVAY + 3 By, (27)
ics ics i\[j}es ics

In (16) and (17), we extend the ratio estimators of Ponkaew ¢ Lawson (2018) to the
MAR mechanism and discussed the variance and its estimators in Theorem 1. However,
the ratio estimator for population mean in (16) and for population total in (17) can be used
under the condition (Bj) that is, when nonresponse occurs only with the y variable but
information on x; for all i € s and X needs to be known. Next, we proposed new ratio
estimators under condition (B,) where nonresponse occurs on both y and x but X is
known and condition (Bs) nonresponse occurs both y and x and X is unknown but
information of uy, uy, ..., u, are available for all i € s and the population mean of
Ui, Uy, ..., Uy are also known.

The new ratio estimator when X is known
Assume that the condition (B,) is satisfied when nonresponse occurs with both variables y
and x but X is known. The new ratio estimator for estimating population mean is given

below,
L 1iYi

~ N wipi | 1 Yo aoe

R e R e
1§ [N& Xy
N ip;
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i)i 3 1 iXi A 5 /5 \— .
where Y Z 2 X = — i , Rﬁz) =Y, (X,) ! Furthermore, the estimator of

N i€s ’p’ ' ies Tipi
pi can be obtained by using the probit or logistic regression models under the MAR

mechanism. Then, the new ratio estimator for the population total is

7% = NYY = NXRD. (29)

The variance and associated estimators of 17;(2) are discussed in Theorem 2.

Theorem 2. Under condition (B,) with reverse framework and where the nonresponse
mechanism is MAR.

(1) The variance of 1?;(2) is

~1(2
CCOED SLYEED B S VIES 3l 60
icU icU i\{j}eU icU
_pi

i

where A; =y; — Rx;, R=YX ! and E; =

(2) The estimator of V(f’gz)) is

V(1) = Yo DA >0 > DAPAY + >k, (31)

i€es ics l\{]}Es ics

where A _)/z ROy, RD = Zrl—yj<2 rixi,> *1’ B - r,»D/i, Dij _ T’iD/ij) B = TiE/i.
i€s 7-Cip i \i€s nip Tcip i 7TiP i 7-Cip i
The value of p!, p! = p; if p; is known otherwise p} = p;. p; is the estimator of p; from the
probit or logistic regression models.
The proof in Theorem 2 is similar to the proof in Theorem 1.

. . . . . (2
In Theorem 2 we investigated the variance and its estimators of Y;( ) We note that the

. (1 o 1(2 , , (1 (2
variance formulas Y;( ) and Y;( ) are the same but the variance estimators of Y;g "and Y;( )

are slightly different because the estimators of A; = y; — Rx; are different.

In (28) and (29) we proposed new ratio estimators for population mean and population
total of the study variable when nonresponse occurs on both y and x variables but X is
known under the MAR mechanism. Furthermore, the variance and its estimator are also
discussed in Theorem 2. Next, we proposed the special case of Ygz) when the response
probability is consider under the MCAR mechanism (p; = p for all i € U). Under the
MAR mechanism the population mean estimator is equal to

o Z Tz)’z 1 Z Ty

51
}i,//(z) o i€s izx - ics i i X = EX o }AQI(Z)X (32)
R = — [ e g o ’
Ly @ N Ly | N x
N ics Tcip N i

i€s

S 1 riyi 2 1 TiXi PN
where Y, = —Zﬁ, X = —ZL, er(z) = Y/(X])~". Then, the population total
estimator is Nig m Nig m
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- //( ) 211(2) /(2)

=NY, =NXR, (33)

Finally, the variance and associated estimators of y are discussed in Lemma 3.

Lemma 3. Under condition (B,) with reverse framework and where the nonresponse
mechanism is MCAR.

(1) The variance of 1?;;(2) is

(wz)) ZDA2+Z Z DiinAj+ZEli}/,-2, (34)

ieU i€V i\{j}eU ieU
__ 1—
where A; = ¥yi — Rxj, R = YX~! and E; — Tp

(2) The estimator of V(f’g(z)> is

A(”'Z)) ZD +ZZD,] A +ZE,.y,?, (35)

ics ics ;\{j}es i€s
-1
- - r TiXi . riD; riDj + riE;
where A, h =y — R,r(z)x,, ) _ =y = U (Z : l) ,Di="—=,Dyj="—2L E ="
ics Ti \ies T Tip Tip Tip

The value of p/, p’ = p if p is known otherwise p = p. p is the estimator of p under the

-1

MCAR mechanism that is p = <Z ﬁ) <Z i) .
ics i/ \ies T

The new ratio estimator when X is unknown
Assume that the condition (B;) is satisfied, X is unknown and nonresponse occurs on both
y and x variables. However, the information of variable u;, uy, ...u, is available for all i € s
and U is known. Furthermore, variables u;, u, ...Ug are highly correlated with x. Then, we
extended the GREG estimator of Ponkaew’s (2018) to the MAR mechanism and it is
defined by

A ~ _ ~ 7/

Xeusg = X+ U~ U] B, (36)
2 1 riXi 2 1 ~

here X, = — U =— ,U=—

where X, N;mpi’ ; NZ - NZ;

-1
h o Viql'uiu/i> < 7’iq;'uiWi>
& <zezs mipi % mipi )

The new ratio estimator for population mean is

riyi

TiPi ~
XGreG- (37)

e /(3) N
R 1 r,x,
N sz

Then, the new ratio estimator for population total is

Ponkaew and Lawson (2022), PeerdJ, DOI 10.7717/peerj.14551 13/21


http://dx.doi.org/10.7717/peerj.14551
https://peerj.com/

Peer/

) 21(3)

7Y = Ny, (38)
The variance and associated estimators of 17;53) are discussed in Theorem 4.
Theorem 4. Under condition (B;) with reverse framework and nonresponse mechanism
is MAR.

(1) The variance of 17;53) is

(3
V() = pE 43 S a3k )
icU icU i\{j}eU icU
1— 7 i — T 11—
where D; = —n’, D;j = d L E; = 4

i
and Bi = X; — Ru’,-ﬂ.
T T Di

(2) The estimator of V(f/f)) is

v(iz;§3>) =S DB +> Y DBB+ S BB, (40)

i€s i€s i\U}es ics
~ riD; - T’iD," A r,E; A A ~ . .
where D; = —, D; = —2, E; = —-and B; = x; — R.u/;B,, p| = p; if p; is known
/ Y / / r i
P TP mp';

otherwise p! = p;. p; is the estimator of p; from the probit or logistic regression models.

Proof. Let 1723) be defined in (38). However, the new ratio estimator 13/23) is a function of

the GREG estimator Xgrgg then we use the modified automated linearization approach
transform XgreG to a simple form and it is defined by

2 — 1 T’iC,'
XGreG(1) = U'ﬂ-i-ﬁznipi, (41)
i€s

al(3) .
where C; = x; — o/;f. Then, the new ratio estimator Y, can be approximated by,

1 1iYi
- N~ mp; .
_/(3) ~ c 1) o -
YR(1) =1 = 1iXi GREG(1)+ (42)
N i€s nipi
Therefore, variance of 17353) can be approximated from,
V(7)) = VINYY) = NPV(Y) = NPV(Y)). (43)
Furthermore, the estimator of V(f/;?)) can be obtained by,
~  ~I(3 PN
V(1) = NPV (44)

We note that 1_’;((31)) is a nonlinear estimator then we use steps (1) to (5) for investigating

the value of V(i?;z(fl))) and it is defined by,
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V(A;(l) gN— S o +> S DB+ Y EB,

ieU i€V i\{jleU €U
where B; = x; — Ru/;f. Substitute (45) into (43) then,
AR SRS S STy
ieU i€V i\{j}eU ieU

Furthermore, the estimator of V(Y }5 )) is

V(YY) =YD+ >0 > Dybiby+ > BB,

i€s i€s i\{j}es ics

nD; . rDi . rE . o
where D; = =L D;; = ! ! FE, = li%i and Bi=x; — RUB,.

lp/ gy nipl- 7TiP’- r

Next, we consider 17;(3) under the MCAR mechanism as follows. The new ratio

(45)

(46)

(47)

estimator for population mean when X is unknown and nonresponse occurs on both y and

x variables under the MCAR mechanism is

1 riyi 1 riyi
}37,/(3) _N;n’p 2, NZ T

P T;p N < T

2 2 _ ~ ~ ~ 1 iXi 2 1 U
whereXGREG:X:—I—{U—U’r}ﬁlr,X:: S Y

-1
N riQiuiu/i> < riQiuiWi)
& (% mip % mp )

Then, the new ratio estimator for population mean is

~11(3)

Ve =NYRP.

. . . & M(3) . .
The variance and associated estimators of Y, are discussed in Lemma 5.

(48)

(49)

Lemma 5. Under condition (Bs) with a reverse framework and where the nonresponse

mechanism is MCAR.
(1) The variance of f/g@ is

v(YT) =Y DB+ Y > DybiB+ Y EiB (50)
ieU ieU i\{jleU i€ev
1—m; T — T 1-—
where D; = ——, D;; = g L E = pandBi:xi—
TT; T
(2) The estimator of V( R( )) is
A(”’S)) SToB+> N Db+ EB, (51)
ics i€s 1\{]}65 i€es
riD; - riDi .  rE; .
where D; = ;, Djj = —1,], E =~ ; and B; = x; — R u ,ﬁ The value of p’ is defined in
mip mip mip
(35).
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Table 1 The relative root mean square error of the new ratio estimators and associated variance estimators for N = 3,000.

Response rate (%) n The relative root mean square error of the proposed The relative root mean square error of the variance
estimators estimators
X is known X is known X is unknown X is unknown
PRMSE(7”)) PRMSE( 7)) PRMSE(V (737)) PRMSE(V (7{”))
MAR MCAR MAR MCAR MAR MCAR MAR MCAR
60 100  0.0470 0.0472 0.0465 0.0467 0.1702 0.1703 0.2763 0.3201
200  0.0350 0.0351 0.0354 0.0361 0.1321 0.1316 0.1761 0.2069
600 0.0322 0.0324 0.0330 0.0340 0.1150 0.1158 0.1408 0.1658
1,200 0.0104 0.0105 0.0105 0.0107 0.0427 0.0697 0.0512 0.0804
80 100  0.0364 0.0373 0.0366 0.0375 0.1453 0.1490 0.1930 0.2526
200  0.0258 0.0261 0.0266 0.0269 0.1127 0.1141 0.1855 0.2048
600 0.0134 0.0139 0.0146 0.0150 0.0588 0.0614 0.1108 0.1149
1,200 0.0086 0.0089 0.0088 0.0090 0.0433 0.0552 0.0660 0.0875

Simulation studies

In this section, the performance of the proposed new ratio estimators and their variance
estimators under the MAR mechanism is compared with the MCAR mechanism via
simulation studies. We generated a study variable y; from the auxiliary variables x;, w;, size
variable k; and calibration variable u; following the model from Sichera (2020) and it is

1
defined by y; = 0.2x; + 0.1w; + 2k + 3.7k2 + 2u; + ¢; where k; ~ gamma(10,5),

w; ~ gamma(5,10), & ~ N(0, 1), <Z’> NN[(?), (; ?)},p = 0.70,

i=1,2,,...,N. Four levels of sample sizes n = 100, 200, 600 and 1,200 are drawn from a
population size N = 3,000 and » = 10, 20, 60 and 1,200 are drawn from a population size
N = 300 using Midzuno’s (1952) scheme. We consider the MAR response mechanism
with two levels of response rate; 60% and 80% and repeated the simulation 10,000 times
(M = 10, 000) using Program R (R Core Team, 2021). We consider the case where the

response probability is unknown and estimated by the logistic regression model for the
ies i/ \ies Ti

. ; 1\
MAR mechanism and estimated by the function p = (Z r> (Z ) for the MCAR

mechanism. The relative root mean square error (RRMSE) was used to compare the
efficiency of the proposed ratio estimators and their variance estimators and the formula is

1 M 2
o Y Z (A—A)
RRMSE(V(Y)) = e

where A is the proposed estimators or variance estimators and A is expectation of A or
E(A). The results are shown in Tables 1 and 2.
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Table 2 The relative root mean square error of the new ratio estimators and associated variance estimators with population size N = 300.

Response rate (%) n  The relative root mean square error of the proposed The relative root mean square error of the variance
estimators estimators
X is known X is unknown X is known X is unknown
PRMSE( V")) PRMSE( 7)) PRMSE(V (73”)) PRMSE(V (71”))
MAR MCAR MAR MCAR MAR MCAR MAR MCAR
60 10 0.1166 0.1196 0.1169 0.1198 0.6605 0.6902 2.2661 2.7669
20 0.1038 0.1056 0.1049 0.1067 0.5423 0.5452 1.3307 1.3510
60 0.0624 0.0626 0.0631 0.0634 0.2420 0.2489 0.3666 0.4646
120 0.0478 0.0479 0.0483 0.0485 0.1548 0.1829 0.2500 0.2634
80 10 0.0949 0.0962 0.0957 0.0968 0.4347 0.4533 2.2106 2.5923
20 0.0863 0.0869 0.0869 0.0871 0.3722 0.3736 1.3123 1.3319
60 0.0480 0.0484 0.0481 0.0485 0.2084 0.2150 0.3628 0.4144
120 0.0298 0.0301 0.0298 0.0303 0.1392 0.1514 0.2164 0.2325

The simulation results found in Table 1 for N = 3,000 that the new population total
estimator under missing at random performed better than the estimators under missing
completely at random for both situations where X is either known or unknown. There was
an increase of response rate, decrease of the relative root mean square errors as same as for
the sample sizes for all estimators. When X is unknown and needs to be estimated, it
results in increasing the relative root mean square errors due to the estimation process.
Similar results were found in the case of variance estimators. Similar results are found in
Table 2 for a smaller sample size N = 300.

An application to water demand in Thailand

The new estimators are applied to estimate the water demand in Thailand. The data are from
the provincial waterworks during August and July 2022. Midzuno’s (1952) scheme is
instigated to select a sample of size 40 provinces from the total of 74 provinces. The demand
for water in August 2022 is considered as study variable y. Two auxiliary variables x and w
are the water supply in August and the water demand in July 2022, respectively. The variable
x is used to construct the new ratio estimators and the variable w is used to estimate the
response probabilities with the logistic regression model under the MAR mechanism.

The calibration variable u is the water supply in July 2022 and the size variable k is the
number of water users in August 2022. The nonresponse rate is 7.5% in this study.

Table 3 shows the total estimate of water demand in August 2022, Thailand. We see that
the estimated water demand when X is known is higher than when X is unknown under
both the MAR and MCAR nonresponse mechanisms. In contrast, the estimates of variance
when X is unknown is a lot higher than the estimates of variance when X is known due to
the estimation of the unknown population mean of the auxiliary variable. The new
estimators can be useful for application to the real world when nonresponse occurs in the
study which requires management before the estimation process and further analysis.
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Table 3 The total estimates of water demand in August 2022.

Nonresponse mechanism Information on the auxiliary variable Estimated water demand Variance estimates
MAR X is known 122,763,533 5,621,837,076,813
X is unknown 112,079,391 49,945,263,902,570
MCAR X is known 122,752,240 5,958,276,721,564
X is unknown 111,926,154 52,711,445,906,451
Estimators
R'atio Varlance
estimlators estimators
X is known Xis unknown % is known Xis unknown

1
MAR MCAR MAR MCAR MAR MCAR MAR MCAR

mechanism mechamsm mechanlsm mechanlsm mechanlsm mechanlsm mechanlsm mechanism
1
(2 n(2) 1(3 3 !(2) ~(2) 3 ) n(s)
] 7] IY“I "”I iz ) U] [
[ I

Compare RRMSE of the estimators

under MAR and MCAR
: |
|Simulati0n studies
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Figure 1 The conclusion for all the cases of the simulation studies in an empirical study.
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Figure 1 shows the conclusion for all the cases of the simulation studies in an empirical
study.

CONCLUSIONS

The new ratio estimators for estimating population total and population mean when
missing data is missing at random occurs with both study and auxiliary variables under
UPWOR when the population mean of an auxiliary variable is known and unknown are
proposed. In the latter we suggested to estimate it from other variables using the GREG
estimator. The new ratio estimators are compared by their efficacies under the MAR and
MCAR nonresponse mechanisms through simulation studies and an empirical study using
water demand data in Thailand. The results found that the new ratio estimators under the
MAR mechanism are more efficient than ratio estimators under the MCAR mechanism for
all response rates and sample sizes. The proposed estimators are applied to estimate the
demand for water so this information can be used to plan for policies and strategies for
preventing water shortages which may occur in the future. The proposed estimators are
more useful in practice when compared to the estimators proposed by Ponkaew ¢ Lawson
(2018) that considered only under MCAR and when only the study variable is missing
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which also required the known parameter of the population mean of the auxiliary variable
which is difficult to find. The proposed estimators are more flexible to apply in real life
because we can use them in more flexible situations when both the nonresponse
mechanism is uniform or not uniform which is more likely to occur in real world
problems. If the population mean of the auxiliary variable is unknown, it can be estimated
using the GREG estimator which makes use of the benefit of the related variables in the
estimation process to improve the efficiency of the population total estimators. We can
extend the new estimator to complex survey designs such as stratified cluster sampling and
consider it under the not missing at random nonresponse mechanism (NMAR).
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