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1 | INTRODUCTION

Let B be a nonempty closed and convex subset of R” and G : R" — R" be a continuous and monotone mapping. In this
paper, the problem of interest is solving systems of nonlinear equations of the following form:

G(t)=0,t € B. (@)

The appearance of problem (1) in various field of research and applications such as power flow equation, chemical
equilibrium systems, compressive sensing,'~> and several others® have motivated several studies on effective methods
for finding solutions to (1).

By choosing a good starting point, several iterative methods such as the Newton method, quasi-Newton method,
Gauss-Newton method, Levenberg Marquardt method, and the trust region method!®-'* have shown to be efficient for
solving (1). These methods exhibit fast convergence which makes them ideal choices for solving (1). A draw back associ-
ated with these methods which makes them not suitable for solving (1) when the dimension is large is the fact that they
need to solve linear equations using the Jacobian matrix or an approximation of it per iteration.

The conjugate gradient method being one of the first-order optimization methods well known for solving large-scale
unconstrained optimization problems due to its simplicity and low storage has been extended to solve (1) using the pro-
jection method of Solodov and Svaiter.!> As a consequence, several other researchers have extended conjugate gradient
methods for solving unconstrained optimization problems to solve (1). For instance, Cheng'® extended the classical PRP
method to solve system of monotone equations by combining it with the projection method. Ibrahim et al'”!® extended
the hybrid conjugate gradient method of Djordjevi¢!® to solve (1). Abubakar et al?® also proposed a derivative-free iterative
method for solving (1). The method uses a convex combination of the Hestenes-Stiefel (HS)?! and the Dai-Yuan (DY) meth-
0ds.?? The method can be viewed as an extension of the hybrid conjugate gradient method for unconstrained optimization
problem proposed in Andrei.?* Beside the aforementioned articles, several other articles have focused on incorporating the
conjugate gradient method for unconstrained optimization problem with the projection method to develop derivative-free
methods for solving (1). Interested readers can refer to the following articles and references therein.?*-3°

Our interest in this article is to propose, analyze, and test a derivative-free hybrid iterative method for solving (1). The
propose method also uses a convex combination of the HS and the DY methods as in Abubakar et al.?® However, a different
hybridization parameter is chosen in this paper. The method also incorporates the projection method and can be viewed as
another extension of the HS and DY hybrid method proposed in Andrei.?* Furthermore, the proposed method is suitable
to solve large-scale non-smooth equations because of its low storage and only require the image of the function G under
consideration. The global convergence is proved under the assumptions that the mapping G is monotone and Lipschitz
continuous.

The remaining part of this paper is organized as follows. In Section 2, the proposed algorithm is described. In Section 3,
the global convergence is established, and numerical results are reported in Sections 4 and 5. The paper is concluded in
Section 6.

2 | ALGORITHM

In this section, we propose a derivative-free conjugate gradient projection based algorithm to solve (1). For a good under-
standing of the motivation, we recall the algorithm proposed by Andrei®* for finding solution to the unconstrained
optimization problem:

min{ f(t) : t € R"}, )



KUMAM ET AL. Wl LEY 7899

where f : R" - R is a continuously differentiable real valued function with gradient at #* denoted by g® := Vv f®.

The algorithm proposed in Andrei*® produces a sequence {t®} via the following iterative formula:

(D) — g0 a(k)d(k), k=0,1,---,

3

where {t®} is the previous point, {t**1} is the current point, a* is the step size, and d® is the search direction defined

as

d(k) = {—g(k)’ if k= 0’

—g® 4 plogk-D_if k> 1,

with s® = ¢+1 — ¢tk and p® given as

. k
o = g(k)ﬂ;{; +(1— o(k))ﬂ(Dkl)/

k k— k
= g0 EOYD) L gy NEOIP
(d(k—l)’ y(k—l)) <d(k—l), y(k—1)>

y*=b = g _ gk=1) and 9® is a parameter satisfying 0 < 6% < 1.
Inspired by the above parameter ) and letting G® := G(t®), we propose the following search direction:

—G(k), if k= Os
d® := (0 COA* D)\ o) 4 glogk-1)
. (1 i 1G% |2 ) G% + pd , if k21,

where f® is given by

(k) « (k)y ptk) k) p(k)
O =1 -0®)p" + 60,
<G(k)a y(k—l)) 105 ”G(k)”z

(d%=D, yk-1) (d*k-D, yk-1)’

= (1-0%)

where

(G("), d(k-l))z

g(k) t= — e
IG®2]ld%D]2

€[0,1], u®D 1= kD 4 ple-Dghk-1 k=D _ G0 _ Gk-1)

7%V :=1+ max {O,

(d(k_l), y(k—l))
I }

By the above modification, it is not difficult to see that
<d(k_l), u(k—l)) > (d(k—l)’ y(k—l)) + ”d(k—l)"2 _ (d(k_l), y(k~—1)) = ”d(k—l)llz > 0.
Note that Equation (6) is defined such that the direction always satisfies the sufficient descent condition if G®

In addition, the vector y*~1 in (5) is replaced with u*~V in (7) such that ﬂik) and ﬂ;") are well defined.

Remark 1. From the definition of g% and 8% in (7), we have

1BP1 < 1871 + 13-

To describe the propose hybrid conjugate gradient algorithm, we first recall the projection map.

C))

(5)

(6)

)

®)

1= g®,

©
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Definition 1. Let B ¢ R” be a nonempty closed convex set. Then, for any x € R", its projection onto B, denoted by
Pp(x), is defined by

Pp(x) := argmin{||x — y|| : y € B}.
A known property of Pg is that it is nonexpansive, that is,

[IPs(x) — PWI| < lIx = yll, Vx,y € R". (10)

In what follows, we present the steps of the derivative-free conjugate gradient algorithm. Throughout, we refer to the
proposed algorithm as Algorithm 1.

Algorithm 1

Step 0. Select tp € R", parameters ¢ > 0, p € (0,1), y € (0,2), tol > 0 and setk := 0.

Step 1. If ||G®|| < tol, stop, otherwise go to Step 2.

Step 2. Compute d® by (6).

Step 3. Compute the step size a¥) := p’ where i is the smallest non-negative integer such that

—(G(® + a®d®), d®Y > 5a®|d® |2 (11)

Step 4. Compute
whktD - — gl 4 G0 gk) (12)
If w**D € Band ||Gw*+Y)|| < tol, stop. Else compute

(44D = Pylt® — GG ), (13)

where

(k+1) (k) _ yk+1)
G = (G, ¢ wltth)
T T IGwe |2

Step 5. Let k := k + 1 and go to Step 1.

Remark 2. The parameter y in (13) is chosen in the interval (0, 2) in order to show that the sequence { [|t*) — ||} is
non-increasing (see Lemma 4). In addition, the parameter y plays a significant role in the numerical efficiency of
Algorithm 1.

3 | CONVERGENCE ANALYSIS

To establish the convergence of Algorithm 1, We begin with the following assumptions:

N; The function G is monotone, that is,
(Gx) = G(»), (x—y)) 20,Vx,y € R".

N, The function G is Lipschitz continuous; that is, there exists a positive constant L such that
IGG) — Gl < Llix — yll, Vx,y € R".

N3 The solution set of problem (1) denoted by B’ is nonempty.
N; G® # 0 unless the solution of (1) is obtained.
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Lemma 1. Let d® be defined by (6); then, d® satisfies the sufficient descent condition. That is,
(G®, d®) = —||c®|1%. (14)
Proof. Fork = 0, (Gy, dy) = —||Go||?.
For k > 1, by (6),

® (G(k), d(k—l)>

(G(k), d(k)) =_ (1 +p ) (G‘k), G(k)) + ﬁ(k)<G(k), d(k—l))

IG®1|2
(G("), d(k—1)> 3
= —IGPIP - 0 = IGEIF + 494G, d¥75) as)
— _”G(k)”2 _ ﬂ(k)(G(k), d(k—l)) 4 ﬁ(k)<G(k), d(k—l))

= -lIG®I2.
Remark 3. From (14), applying Cauchy-Schwartz inequality, we have

1d®1 = 1IG®. (16)

The following lemma shows that Algorithm 1 is well defined.

Lemma 2. Suppose N, hold. Then, there exists a step-length a® = p! satisfying (11) for some i € Nu {0} and Vk > 0.

Proof. Suppose there exists ky > 0 such that (11) does not hold for any non-negative integer i, i.e.,
_<G(t(kn) + pld®), d(ko)) < op'||d® 2.

By N, and allowing i — oo, we get
—(G(t‘kﬂ)), d(ko)) <0. 17)

Also from (15), we have
—~(G(t*%),d%) > ||G*)|* > o,

which contradicts (17). The proof is complete. O

Lemma 3. Suppose N, hold. If {w**V} and {t®} are defined by (12) and (13) in Algorithm 1; then,

a® > min{ 1, —M)I—lz— . (18)
(L + 0)||d®])2

Proof. From the line search (11), if a® # 1, then (a®)’ = a®p~! does not satisfy (11), that is,
—(G@® + (@®yd®), d¥) < o(a®y [dP|%.
Using (14) and N,, we have

IG®11? < ~(G®, d®)
= (G(t(k) + (a(k))'d(k)) _ G(k), d(k)) = (G(t(k) + (a(k))'d(k)), d(k))
< @)@+ o0)1d®).

Solving the above inequality for (a®)’, the desired result is obtained. O
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Lemma 4. Let N1-Ns be fulfilled. If {w*+D} and {t®} are sequences defined by (12) and (13) in Algorithm 1, then
{w**tD} and {t®} are bounded. Furthermore,

lim ||t® —w®|| = 0. (19)
k—oco

Proof. Webegin by showing that the sequences {t®} and {w**1} are bounded. Suppose € B’; then, by monotonicity
of G, we get

(G(W(k+1)), t(k) _ Z) > <G(W(k+1)), t(k) _ W(k+1)). (20)

From the definition of w**1 and (11), we have
(G ), 10 — w1y > 5(@®)?)1d®|12 > 0. (21)
Consequently, by (10), (20), (21), the definition of ¢, and y € (0, 2), we have

|£%+D — 7|12 = ||Ps[t® — y G Gw* )] — Pp(D)||?
< 119 = yGGW*D) — 72
= 1t = 7|12 = 2y LG *HD), t® — F) + ||y GG D)2

2
=10 —F|2 = 27 {Gw®HD), (0 — wiHD) (G D), (0 _F) 4 42 (GWHD), 1® — wik+D)
|G(wk+D)||2 ' IGwED)|
2 22
<10 7|12 = 29 (G, (B — D) (G®HDy, (0 _ )y 4 y2< (G*+D), ¢ — W("“))) (22)
B IGw*+D)||2 ’ IGwED)||

_ Gw®+D), (0 _ yykt1) 2
<11 72 —7(2—7)<< : )
[IGw&+D)]|

o2[|tR) — wik+D) |4
|Gwk+D)]||2

<O -2 —y2-p
Thus, the sequence {||t* —7||} is non-increasing and convergent, and hence, {t®} is bounded. That is,
1¥]] < b, b> 0. (23)

Moreover, from relation (22), we have

154D — 712 < |)e® - 712, (24)

and we can deduce recursively that
IE® =71 < llto — 71>, Vk 2 0.

Thus, by N,, we have that
IG®| = IG® = G@| < L|It® —F|| < LIt — 7|l

Letting L||to — f|| = A, then the sequence {G®} is bounded. That is,
1G] <A, Vk >o0. (25)
By the definition of w*+1, Cauchy-Schwartz inequality, Ny, and (21),

o.”t(lc) - w(k+1)”2 B O.”a(k)d(k)nz 2 (G(w(k+1)), tk _ w(lc+1)> (G(k), k) w(k+1))

G'Ht(k) _ w(k+1)” = =
1E® =D o =D = T @ —w® D S - wkD]

<IG®|.  (26)




KUMAM ET AL. Wl LEY 7903

By (26) and the reverse triangle inequality,
o(IIw* PN = [1£9]]) < oflw*D — @] < |GP.

The above relation together with (23) and (25) yields

1
=GR + 11£©)
o

lpio.
o

k+1
w0

IA

IA

Therefore, the sequence {w*+1} is bounded.
Now, for any f € B/, the sequence {w*+1 —} is also bounded; that is, there exists a positive constant v > 0 such that

WD —F|| < v, Vk > 0.
The above inequality together with assumption N, yields
G )| = [Gw* ) — 6@l < LIw**P —7|| < Lv.

Therefore, using relation (22), we have

2
O - -
r@2- Y)(LT)Z 169 — wkHD|* < je® 717 — |2+ — 7)1,

which implies

2 o o
o = - =
Y@= 1) PO — WD < B e — B — 1D ) < 1€9 ] < oo, e))
) k=0

Relation (27) implies that

lim [|t® — w*+D|| = 0.
k—o0

O
Remark 4. From (19) and the definition of w**1),
l}im a®)1d®| = o. (28)
Theorem 1. Let the sequence {t*} be generated by (13) in Algorithm 1; then,
1i‘£ninf||c<“>|| =0. (29)
Proof. Suppose by contradiction that (29) is not true, then there exists r, > 0 such that Vk > 0,
IG®1I = ro. (30)

Inequality (16) together with (30) implies that

1d®| > ro, Vk > 0. (1)
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Now, from (6), (9), (23), (25), (31), assumption N, and the Cauchy-Schwartz inequality,

+18®1d% V)|

(G(“), d(k—l))
IG® |2
IG® 12 )1d%D|)
IG®]|2

k =
<IG®I+2 (18] + 1671 ) 14|

k (k—1 (k) |12
= ”G(k)” 49 ”G( )””y )” + ”G ” ”d(k—l)”
(d(k—l), u(k—l)) <d(k—1), u(k—1)>

<1160y + 2 (1GPMDI | HGRIE Y | oy
- la®Di " %D

©D]l 4+ 1G9
= 1G®| + 2IG® (Ily )
161+ 2pay (LI
2+ 16PN g
‘(” TG el
ALIED — DY 4 [IGOD o
s<1+ o 6%

2(L(|1tR tk=Dy 4+ (|GE
<(1+ AN+l 1)+ IG*®1]) ey
[la%=D|

< (1+4M_+M)A,
To

”d(k)” - H_ (1 + ﬂ(k) ) G(k) + ﬂ(k)d(k—l)

< IG® +15%]

(32)

Setting M = (1 + 4”%2-’3 ) A, we have
1d®| < M. (33)
Multiplying both sides of (18) with ||d®|| together with (31) and (32),

G(k) 2
a®1d®)| > min { 1, 211400
L+ oldP]?

>min< rg, ————— ».
(L+o0o)M

The inequality above contradicts (28) and hence (29) holds. O

4 | NUMERICAL EXPERIMENTS ON SOME BENCHMARK TEST PROBLEMS

A traditional way to assess the efficiency of an algorithm is to compare its numerical strength with other algorithms based
on some standard metrics. The standard metrics used in this experiment are number of iterations (ITER), number of

function evaluations (FVAL), and CPU time (TIME). To assess the strength of Algorithm 1, we compare it with following
algorithms:

The algorithm called PRPFR proposed by Zhou et al.?’
The algorithm called HCGP proposed by Koorapetse and Kaelo.?®

For the experiments, we use the following:

Number of problems: 10.

Five dimensions: 1,000, 5,000, 10,000, 50,000, 100,000.

Five initial points: x; = (0.1,0.1,---,0.1)7,x, = (0.2,0.2,---,0.2)T,x3 = (0.5,0.5,---,0.5)7,xs = (1.5,1.5,- - - 1.5)7,
X5 = (292,' . 92)T'
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« Control parameters: We select p = 0.8, 6 = 1074, y = 1.2. As for PRPFR and HCGP, all parameters are as selected in
Zhou et al’” and Koorapetse and Kaelo,® respectively.

« Stopping condition: Iterations are stopped when ||G®|| < 10~° and/or the number of iterations exceed 1,000 without
reaching a solution.

« The symbol — is used to indicate that an algorithm failed due to number of iterations exceeding 1,000 with reaching a
solution.

We consider the following test problems where the operator G is G(t) = (g1(t), g2(t), - - -, gn(t))T and t = (t1, L2, - -, )"
Problem 1. The Exponential Function.?’

git)=e" -1,
gt)=¢é"+t;—1,for i=23,---,n,and B=R".

Problem 2. Modified Logarithmic Function.®

g =In(t;+1) - %,for i=1,2,---,n,

n
and B={teR": Y i <nti>-1i=12---,n}

i=1
Problem 3. Nonsmooth Function 1.4°

gi() =2t —sin|t],i=1,2,3,---,n,

n
and B={teR" : ZtiSn,t,-ZO,izl,Z,-n,n}.

i=1

It is clear that Problem 3 is nonsmooth at t = 0.
Problem 4. Strictly Convex Function 1.3

gt)y=ei—1,for i=1,2,---,n,and B=R"

1 — . - S
oo
0.9 " p— :
o¥ R
08 f’
]

0.7

0.6
<
= 0.5 1

0.4

0.3 i

[—— Algorithm 1
0.2 —— PRPFR
o1k HCGP )
0 . : L . L ) )
0 1 2 3 4 5 6 7 FIGURE 1 Performance profiles for the number of iterations

T [Colour figure can be viewed at wileyonlinelibrary.com]
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Problem 5.4 Tridiagonal Exponential Function.

g (t) =t — ecos(h(tl +t2))’
git) = t; — Pttt for j=2,... n-1,
gn(t) =t, — ecos(h(t,,_,+l,,))’

h=—1 and B=R.
n+1

Problem 6. Nonsmooth Function 1.4

g®)=t—sin|t—1|,i=1,2,3,---,n.

n
and B={teR" : Zt,-5n,ti2—1,i=1,2,---,n}.

i=1

09}
0.8
0.7
06

Zos

04}
03

0.2

FIGURE 2 Performance profiles for the number of function
evaluations [Colour figure can be viewed at wileyonlinelibrary.com]

ot

0.8F
0.7

0.6

p(7)

0.5

0.4

0.3

0.2

0.1

~——¢— Algorithm 1 7
—>=—PRPFR
*—— HCGP .

FIGURE 3 Performance profiles for the CPU time (in seconds) 0 1 2
[Colour figure can be viewed at wileyonlinelibrary.com]
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Problem 7. Penalty Function 1.43

n
v = th c=10"°
i=1
g({)=2c(t;i —1)+4(; —0.25)¢;,i=1,2,3,---,n.
and B =R}.

Problem 8. Pursuit-Evasion problem.!”

g()=V8t—1,i=1,2,3,--,n.
and B=R].

Problem 9.4
gl(t) =2t + sin t—1,

gi(t)=—tiy +2t;+sint;—1,for i=2,---,n—1,
gn(t) = 2t, +sint, — 1,
and B=R].
Problem 10.4 ,
gi(t) = €' +3sintycost; —1,for i=1,2,---,n
and B=R’.
Results of the numerical experiments are presented in Tables 1-10. From the tables, it can be seen that all the algorithms
successfully solved all the problems. However, to ascertain which is more efficient, the Dolan and Moré*> performance
profile is employed. Figures 1-3 were plotted based on the profile, and each plot corresponds to one of the standard metrics
used. In Figure 1 which is base on ITER, Algorithm 1 is the most efficient having the least number of iteration in 70% of
the problems as against PRPFR and HCGP the least in 42% and 5%, respectively. Base on FVAL, in Figure 2, there was a
competition between Algorithm 1 and HCGP with each having the least number of function evaluation in over 50% of the
problems as against HCGP with the least in just 5%. Moreover, based on TIME, in Figure 3, HCGP is the most efficient
having the least CPU time in almost 70% of the problems as against Algorithm 1 and PRPFR having the least in 30% and
5%, respectively. This may be because HCGP has less computation cost than Algorithm 1 and PRPFR. In summary, we
can conclude that Algorithm 1 is more efficient than PRPFR and HCGP in terms of ITER, competes with HCGP in terms
of FVAL and second most efficient in terms of TIME.

5 | APPLICATION IN SIGNAL PROCESSING

5.1 | General description

As mentioned in Section 1, it is interesting to note that many problems can be converted into monotone nonlinear
equations of the form (1). In particular, we consider the reconstruction of an original signal, say f € R", by minimizing
an objective function that contains a linear least square error term and a sparseness-including #; regularization term

< 1
min |||y + 3 1Bt — bII, (34)

where t € R", b € R¥ is an observation, B € R®"(k << n) is a linear operator, 7 is a non-negative parameter, ||||,
is an Euclidean norm of ¢, and ||¢|l; := X[, |t is the #;-norm of t. Iterative methods for solving problem (34) has
received much attention by many researchers in the literature (see previous studies**-52). The most popular method among
these methods is the gradient projection method for sparse reconstruction (GPRS) proposed by Figueiredo et al.>* Other
gradient-based iterative algorithms include the coordinate gradient descent proposed by Yun and Toh>* and the acceler-
ated gradient projection method proposed in Loris et al>> among others. These methods enjoyed good performance, even
though they required the knowledge of the gradient. The first step of the GPRS method is to express (34) as a quadratic
problem using the following process.
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Consider a point t € R” such that t = u — v, u,v > 0; u and v are chosen in such a way that ¢ is splitted into its positive

and negative parts such that foralli = 1,2, - - -, n, u; = (t;)+, v = (—t;); and () = max{0,.}. By definition of #;-norm, we
have ||t||; = elu + elv, where e, = (1,1, - -, 1) € R". Hence, the #;-norm problem (34) can be transformed into
min %Hb — B(u —v)||% + refu + re,v, such that u > 0,v > 0. (35)
uy

However, from Figueiredo et al,>* problem (35) can also be rewritten as the quadratic program problem with box
constraints

min %ZTDZ + c'z, such that z > 0, (36)
k4
u —y o BTB —BTB
wherez=| |, c=7em+ y |’ y=B'b,and D= —-B™B BB |°

Clearly, D is a positive semi-definite matrix, which implies that problem (36) is a convex quadratic problem.

Xiao and Zhu*® translated problem (36) into a linear variational inequality problem which is equivalent to a linear
complementary problem. Furthermore, they pointed out that z is a solution of the linear complementary problem if and
only if it is a solution of the nonlinear equation:

F(z) = min{z, Dz +c} =0, (37)

where F(z) is continuous and monotone; see Pang®’ and Xiao et al.>® Hence, solving problem (34) is equivalent to solving
problem (1). Therefore, Algorithm 1 can be applied to solve problem (34) effectively.

5.2 | Numerical experiment

In this subsection, our focus is utilizing Algorithm 1 in the restoration of one dimensional sparse signal. In this experiment,
we consider a simple compressive sensing possible situation, where our aim is to reconstruct a one-dimensional sparse
signal of length n from k observations. The quality of restoration is measured by using their mean squared error (MSE) to

the original signal 7 defined by

MSE := Ljji- |2,
n

where t* is a recovered signal. However, we choose the parameters p = 0.8, f = 1.0,and ¢ = 10~ for Algorithm 1.
The signal size is chosen as n = 21,k = 2%, and the original signal contains 2° randomly non-zero elements. Further-
more, during the experiments, a randomly Gaussian matrix B using the Matlab command randn(k, n) is generated. In

Original (n = 4096, number of nonzeros = 64)

3 g A T I S P L ¥
Y 1T SR LR LI ¥y
¥y, L 1 L 1 1 L 1 1
0 500 1000 1500 2000 2500 3000 3500 4000
Measurement
0. T T T
o

0 100 200 300 400 500 600 700 800 900 1000
Algorithm 1 (MSE = 3.02¢-06,Iter=81, Time=1.17s)

(2) L L | A T O L | l il ‘ l D II N " l‘
v +r | T AL — T
_2 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000
B Algorithm 2 (MSE = 3.97e-06, Iter=112, Time=2.25s)
0 L LI | N I " 'I | I L.pil Y [ s YI N I l'
v h DR T O L L P
_2 1 A1 b B 1 1 1 1 1
FIGURE4 Reconstruction of sparse signal. 0 500 1000 1500 2000 2500 3000 3500 4000
From top to bottom is the original signal, the 5 Algorithm 3 (MSE = 9.96e-06, Iter=101, Time=1.55s)
2 T T T T T T T T
measurement, and the reconstructed signals by 0 O | ‘l' N - A I.'I = s r | —rr ]
Algorithms 1-3 [Colour figure can be viewed at 2 1 L ! : L . :

wileyonlinelibrary.com] 0 500 1000 1500 2000 2500 3000 3500 4000
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n=4096, k=1024, tau=0.00278085 n=4096, k=1024, tau=0.00278085 FIGURE 5 Comparison results of
50 e 50 ‘ " ] Algorithms 1-3. The x axis
—— Algorithm 1] —— Algorithm 1 ) .
~——— Algorithm 2| ~—— Algorithm 2 represents the number of iterations
il [=—Algorithm 3| ——Algorithm 3 (top and bottom left) and the CPU
46} time in seconds (top and bottom
|- right); the y axis represent the MSE
e 20 (top left and top right) and the
function values (bottom left and
10 right) [Colour figure can be viewed
at wileyonlinelibrary.com]
0 L . .
0 20 40 60 80 100 120 0 0.5 1 1.5 2 2.5
Iterations CPU time (seconds)
n=4096, k=1024, tau=0.00278085 n=4096, k=1024, tau=0.00278085
5 5 r - r = , ‘,, = .‘
[—— Algorithm 1 ‘ —— Algorithm 1/ |
~— Algorithm 2 ~——Algorithm 2| |
s |——Algorithm 3 4 —— Algorithm 3|
=3 a 3‘~
= =
B, B
5 2 8 2
1 1
0 . : . T T 0! g :
0 20 40 60 80 100 120 0 0.5 1 1.5 2 25
Iterations CPU time (seconds)

the test, the measurement b is computed as b = Bf + §, where § is the Gaussian noise which is normally distributed with
mean 0 and variance 107,

To evaluate the performance of Algorithm 1, we test it against similar algorithms which were specifically designed to
solve monotone nonlinear equations with convex constraints and reconstruction of sparse signal in compressive sensing.
The compared algorithms include CGD method®® denoted as Algorithm 2 and PCG method*® denoted as Algorithm 3.
For fairness in comparing the algorithms, the iteration process of all the algorithms started at ¢ := BTb and terminates
when

|fie = £& D)
| -]
where fy := §||b — Bt®)|12 + 7||t®||, is the objective function.

In Figure 4, we provide the numerical results consisting of the original sparse signal, the measurement and the recon-
structed signal by Algorithms 1-3, respectively. In addition, in Figure 5, we give a visual illustration of the performance
of each algorithm relative to their convergence behavior from the view of merit function values and relative error as the

<1073,

TABLE 11 Twelve experimental results on signal recovery

1.38  85.00 3.39E-06 191 11400 4.51E-06 1.81 111.00 3.79E-06

1.34 86.00 4.42E-06 1.69 102.00 5.82E-06 1.69 109.00 4.77E-06
1.20 82.00 3.43E-06 1.95 129.00 3.77E-06 1.70  111.00 3.60E-06
1.39 85.00 3.20E-06 1.84 126.00 4.77E-06 1.66 110.00 2.76E-06
1.17  81.00 3.02E-06 2.25 112.00 3.97E-06 1.55 101.00 9.96E-06
1.22 84.00 2.60E-06 1.86 125.00 3.19E-06 205 94.00 5.12E-06
1.11  74.00 3.92E-06 1.84  122.00 6.86E-06 1.70  115.00 4.00E-06
1.31 84.00 1.41E-06 1.72  109.00 1.93E-06 1.52 104.00 2.65E-06
1.30 84.00 3.99E-06 1.78 121.00 3.11E-05 1.72 114.00 4.19E-06
1.72 83.00 3.17E-06 191 125.00 3.65E-06 1.59 100.00 3.38E-06
1.27  79.00 3.24E-06 1.66 112.00 3.75E-06 1.64 106.00 3.45E-06
1.45 88.00 1.86E-06 2.16  141.00 2.24E-06 1.58 104.00 2.00E-06

Average 1.32 8292 3.1375E-06 1.88 119.83 6.29667E-06 1.68 106.58 4.13917E-06
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number of iterations and computing time increases. Comparing the four algorithms, in Figure 5, it is not difficult to see
that the original signal is recovered by all the four algorithms. However, Algorithm 1 proves to be more efficient hav-
ing lesser number of iterations, computing time and most importantly lesser MSE. To further illustrate the efficiency of
Algorithm 1, we repeated the experiment on twelve different noise samples. Each time the experiment is run, Algorithm
1 prove to be more efficient than Algorithms 2 and 3 in almost all the experiments in terms of the number of iterations,
CPU time, and MSE. See summary in Table 11.

6 | CONCLUSIONS

In this paper, we proposed a hybrid CG algorithm that combine the HS and DY methods for solving monotone operator
equations. This was achieved by taking the convex combination of the HS and DY CG parameters using an appropriate
hybridization parameter. The corresponding direction satisfies the descent condition if the operator is the gradient of a
function to be minimized. In addition, the direction is bounded independent of the line search. We also proved the global
convergence of the hybrid method under some nice and achievable assumptions. The efficiency of the algorithm was
shown by comparing its numerical performance with existing algorithms using some benchmark test problems. Finally,
application of the algorithm in signal recovery was given.
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