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Abstract
The main purpose of this study is the behavior of trajectory motion, assumed the air-resistance
force, the magnus force and external force. The results of displacement equation and velocity equation

of a projectile motion by calculus first order linear equation. So we have representation of behavior
vertical displacement time dependent ( y(t)), representation of behavior vertical velocity time
dependent ( V;(t)), representation of behavior horizontal displacement time dependent (X (t)),
representation of behavior horizontal velocity time dependent (Vx(t) ). The result showed that
representation of behavior horizontal displacement time dependent, If increase the parameter of initial
F, external force( Fyeﬁ ") so, the horizontal displacement will increase too and from representation of

behave horizontal displacement dependent on time, has If increase the parameter of K, and K 4 Wwith
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fixed the parameter F, (Fye"ﬂ " cosh? (a)t)) so, the horizontal displacement will increase too.
Representation of behave horizontal displacement dependent on time, has If increase the parameter of

initial F external force (Fye_ﬁ' sinh? (a)t)) so, the horizontal displacement will increase too.
keywords : air-resistance, external force, magnus force

Introduction

In our study of projectile motion, we assumed that the air-resistance force, the magnus force, the
gravitational field, the external force and the drag force. The magnus force is a major effect on the
motion of many object, including badminton serving, free kick in the football game and tennis ball
serving. So there are many researches that study about the trajectory of motion in-flight parabolic curve.
In 2009, Jeffrey K. Leela et.al. analyses the variables involved in a penalty to ensure a very high success
rate. In 2014 Jeffrey K. Leela et.al. show numeric techniques solve of the equation of projectile motion
under the drag force, the magnus force for the flight characteristics of a soccer ball. Next in the 2015
Mehment Pakdemirli and Yigit Aksay show the method solved approximately using perturbation
techniques assuming the lift coefficient to be small compared to the drag coefficient. In 2017 Peter
Chudinov et.al. analyses the variants of approximation of the sought function (the projectile coordinates)
Allows to construct a trajectory of the projectile with the help of elementary without using numerical
schemes. In 2018, Ping Wang et.al. consider the effect of a ball table tennis spinning motion on trajectory
by coefficients of trajectory equation. In 2010 S.N. Maitra depicts the projectile motion vis-a-vis elastic
collision between the bat and ball of tennis game. The scheme of this paper is as follows. In section 2 is
calculating by calculus first order linear equation. Demonstrating of model for displacement in vertical
and horizontal for projectile motion and result in section 3. Conclusion of the projectile motion is in

section 4.
The method of research

We will show about the method of research by mathematics (differential equation) and Newton’s

second law for displacement.

Comparison of the displacement in the vertical via the external force Fye—ﬂ " cosh® (a)t) and

F,e” sinh® (o)
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Basic to any presentation of mechanics is Newton’s second law, which states that an external

force acting on a particle will cause the momentum of the particle to change: F= d[)/dt , Where

P = mvis the momentum. In the special case of constant mass, this takes the more familiar form

F = ma. Consider a particle of mass (m) moving in a constant gravitational field (mg), the drag force

(Fd), the magnus force (F’L ), and an external force (Fy e cosh® (a)t), F, e sinh® (a)t)).

The displacement in vertical direction via external force (Fy e " cosh? (a)t))
Consider a particle of mass moving in a constant gravitational field, the air-resistance force, the

magnus force, and an external force (Fy e ? cosh? (a)t)) see figure 1.

o) P Fioos (‘)5

I Fye® cosh*(wt)
Fucos(¢)i Fusin(¢)i

¢

Vicos($)

o Ao . Ao o A s S o B o

Figure 1: The four forces that act on a particle in flight under external force (Fy e ? cosh’ (a)t)).
When a particle is thrown at certain angle to the ground its trajectory of motion in-flight is parabolic
curve, unless it is thrown vertically up or down. Parabolic conformation is a consequence of Newton’s
second laws.

>F=ma, (1)

~

m%(vx 1+v, })=—FL sin(g)i — F, cos(#)i — F, sin(¢) j + F, cos(¢) j

—mg j+F,e ™" cosh’ (wr), (2)
The velocity time-dependent in the horizontal (vx (t))direction is
—F, sin(¢)— F, cos(¢) = m(i;t" , (3)

where F, = k,vis the magnus force (kis called the magnus coefficient) and F, = k,vis the drag

force (k, is called the drag coefficient). We can rewrite equation (3) to give

dv,
—p, = —= (4)
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where U = %Sin(¢)+%cos(¢) is a function of angle(¢)and again assuming the initial condition
that v, (0) =1, Cos (¢) at £ = 0, we get by direct integration

v,(t) = vycos(g)e™. (5)
That is, the velocity decreases exponentially with time. Equation (5) is the velocity time-dependent in

the horizontal. In equation(S), we may substitute v, (t) B dx(t)/dt and the limits x(t: 0) =0

when ¢ = 0. After integrating, we get following result:

() = 2 1), ©)

Y7

we can calculate the time of the function displacement in horizontal t(x) that is

1(x) =—im(1—@"o:m]. (7)

According to figure 1, the velocity time-dependent in the vertical (vy (t)) direction is

m% =—F, sin(¢)+F, cos(¢)—mg+ F,e”” cosh® (wt),

d F
T:Ey'wvf - 7:_6_,3, cosh’ (t) g, (8)

k, . k
where ¥ =—"sm(¢)——L—cos(¢) is a function of @and again assuming the initial condition that
m m

v, (0) = v, sin (¢) at ¢ = 0, we get by direct integration of by part

) 5 -4’ ¥

+(v0 sin(¢)+§—:—;(§+ = _54(02 De—w, (9)

In equation (9), we may substitute v, (1) = dy(t)/dt and the limits x(¢=0) =0 when = 0. After

b . e” (& cosh(20t)- 2wsinh(2wt))]_§

O e

integrating, we get following result:

(t)—i (4w2—5ﬂ)e'ﬁ'cosh(2wt)+(2a)ﬂ—2w5)e'"sinh(2a)t)_£ L, &
PR o (6 -40")(p - 40" (5°-40")(p-40’) oB)

s )e0)
ey s) "

where y(t)is a displacement time-dependent in vertical. Substitute equation (7) into equation (10),

we have the displacement in vertical of the function of displacement in horizontal. The plot of y versus

x is shown in the section numerical and result.
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The displacement in vertical direction via external force (Fy e sinh? (a)t))
Consider a particle of mass moving in a constant gravitational field, the air-resistance force, the

magnus force, and an external force (Fy e sinh? (a)t)) see figure 2.

I Fye#sinh*(wt)

et MM M s S St v, S A s SN

B

A Vicos(d) B

Figure 2: The four forces that act on a particle in flight under external force(Fy e " sinh? (a)t))

. When a particle is thrown at certain angle to the ground its trajectory of motion in-flight is parabolic
curve, unless it is thrown vertically up or down. Parabolic conformation is a consequence of Newton’s

second laws.

mg;(vxf+vy })=—FL sin(g)i —F, cos(¢)f—Fd sin(¢)}'+FL cos(¢)}'

—mg}+Fye_ﬂ' sinh’® (). (11)
The velocity time-dependent in the horizontal(vx (t))direction is
—F, sin(¢)—F, cos(¢) = m%, (12)

where F, = k,vis the magnus force (k is called the magnus coefficient) and F}, = k,vis the drag

force (k, is called the drag coefficient). We can rewrite equation (12) to give

dv,
dt’ Us)

_/UVx =

where u = %sin(¢)+k;"cos(¢) is a function of angle (¢) and again assuming the initial condition that
v, (0) =V, cos(¢) at ¢ = 0, we get by direct integration
’ v, () = v, cos(@)e ™.
(14)
That is, the velocity decreases exponentially with time. Equation (14) is the velocity time-dependent in

the horizontal. In equation (14), we may substitute v, (t) = dx(t)/dt and the limits x(t=0) =0

when ¢ = 0. After integrating, we get following result:
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x(t) =M—(ﬂ¢—)(l——e"“), (15)

U

we can calculate the time of the function displacement in horizontal t(x) that is

T P
t(x) = #ln(l vocos(¢)} (16)

According to figure 2, the velocity time-dependent in the vertical (vy (t)) direction is

d
m% =-F,sin(¢)+F, cos(¢)—mg+Fye"" sinh’ (at),
d F
—X'V—+yvv = ¢ sinh’ (at)-g, (17)
dt ‘ m

k k
where y=-—"sin(¢)——Lcos(¢) is a function of @and again assuming the initial condition that
.m m

v, (0) = v, sin(¢) at = 0, we get by direct integration of by part

F - pt _ . ~ it
v (1) = _y_(e (5cosh(2a2)t) 21a)smh(2wt)) _i_)+§
’ 2m 5 —4ow o ¥

- g B(L_ 8 Y]
+(vosm(¢) }/+2m((5 62—4a)2)je" (18)

In equation (1 8), we may substitute v, (t) = dy(t)/dt and the limits x(t= 0) =0 when ¢ = 0. After

integrating, we get following result:

y(t) = i[(‘*m’ _6ﬂ)e"" cosh(Za)t) (Zwﬂ—Zwé‘)e-ﬁr Sinh(zwt) e"'] o

(6°-40*) (5" -40") ’ (6" 40 ) (5" -40") +5/3
v, sin (¢) F, s 1Y(, -

{205 (a3 )

E (40" -58) L

_2m[(62—4w1)(ﬂ2—4w2) 5/3]’ (19)

where y(t) is a displacement time-dependent in vertical. Substitute equation (16) into equation (19),

+y +=
2m ’

we have the displacement in vertical of the function of displacement in horizontal. The plot of y versus

x is shown in the section numerical and result.

Result and Discussion

Equation (2) and (11) is solution of the first-order, linear equation non-homogeneous ordinary

differential equation. In physics meaning it means vertical displacement depend on horizontal

displacement see equation (10) and (19). Substitute equation (7), (10) and (19) into the program

mathematical, we have graph of y versusx.
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3.1 The displacement in vertical direction via external force (Fy e cosh’ ((ot))
We can representation of graph displacement in vertical see figure3. Setting green dashed line as

F,=01 , blue dashed line as £, =0.35, pink dashed line as F, =0.55, yellow dashed line as F, =0.75

see figure 3.
v v T v ’ ¥ ey ¥
2.0f
.,,,wwﬁm«a““
= L5} ”Q«. & -
g ™ TeSEs
= I8
3 1.0k NS .
g
> ‘&:ﬁ'&:‘g"@\
05t \\:s}” .
‘& AN «‘q.
W8
; b NS i
G.B.f‘ . 2 - . b 5 . ¥
0 5 10 i 20 25 30 35
Horizontal (m)

g L5 " 4
. %,
g 1.0 g S -
%@\‘
” BN
0.5b NN ;
W
o 9 . ) : 6 .
0 5 10 15 20 28 30
 Horizontal (m)

Figure 4: Partical trajectories for \}arying parameter K, K, with fixed the parameter ’ o
From figure 4, If higher K, K, affect decreasing value of the displacement in horizontal for a

particle movie see figure 1.

The displacement in vertical direction via external force (Fye'ﬂ "sinh’ (wt))
We can representation of graph displacement in vertical see figure5. Setting green dashed line as
Fy =0.01 :blue dashed line as F; =0.5, pink dashed line as Fy =1.0, yellow dashed line as EV =1.5 see

figure 5.
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Vertical (m)
5
*

©
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=
=

0 2 4 6 8 10 12 14
Horizontal (m)

Figure 5: Representation a partical trajectory motion for vary initial F, extemal force.

21\
Ly Y p— " * — ¥

0«5 o

0.0 p P i P

0 2 4 6 8 10 1’
Horizontal (m)

Figure 6: Partical trajectories for varying parameter K, and K, with fixed the parameter F,.

From figure 6, if higher K, K, affect decrease value that is placement in horizon force see

figure 2.

Discussion

From figure 3,if increase F), . That will make the horizontal displacement increase too
From figure 4,if increase K, K . That will make the horizontal displacement decrease.
From figure 5,if increase Fy . That will make the horizontal displacement increase too.

From figure 4,if increase K, K . That will make the horizontal displacement decrease.
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Conclusion
Calculation of displacement under external force. If we fixed K, K and increase F,, That will
make the horizontal displacement increase. If we fixed Fy and increase K,,K;, That will make the

horizontal displacement increase too.

From figurel,
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